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This article deals with the study of the two-dimensional mixed convection magneto-
hydrodynamic (MHD) boundary layer of stagnation-point flow over a stretching ver-
tical plate in porous medium filled with a nanofluid. The model used for the nanofluid 
incorporates the effects of Brownian motion and thermophoresis in the presence of 
thermal radiation. The skin-friction coefficient, Nusselt number and local Sherwood 
number as well as the velocity, temperature and concentration profiles for some val-
ues of the governing parameters were presented graphically and discussed in detail 
for both the cases of assisting and opposing flows. It was observed that, the magni-
tude of the reduced Nusselt number decreases with the increases in the Brownian 
motion and thermophoresis effects for both cases of buoyant assisting and opposing 
flows. In addition to, the local Sherwood number increases by increasing the Brown-
ian motion in both cases of buoyant assisting and opposing flows. A similar effect on 
the local Sherwood number was observed when thermophoresis effects decreases.
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• Two-dimensional mixed con-
vection MHD boundary layer 
of stagnation-point flow over 
a stretching vertical plate in 
porous medium filled with a 
nanofluid was investigated.

• The governing partial differen-
tial equations were converted 
to ordinary differential equa-
tions.

• The volume fraction of 
nanoparticles may be a key pa-
rameter for studying the effect 
of nanoparticles on flow fields 
and temperature distributions.

 

 

Effects of brownian motion and thermophoresis on MHD mixed convection 
stagnation-point flow of a nanofluid toward a stretching vertical sheet in porous 
medium
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1. Introduction

Stagnation-point flow, describing the fluid motion 
near the stagnation region of a solid surface exists in 
both cases of a fixed or moving body in a fluid. Hie-
menz [1] was the first to study the two-dimensional 
stagnation point flow, and obtained an exact similari-
ty solution of the governing Navier–Stokes equations. 
Eckert [2] extended this work by including the ener-
gy equation and obtained an exact similar solution for 
the thermal field. In the recent decade, Dinarvand [3] 
considered the off-centered stagnation flow towards 
a rotating disc by means of HAM. Since then many 
investigators have considered various aspects of such 
flow, and obtained closed form analytical as well as 
numerical solutions. The flow and heat transfer due to 
a stretching surface in a viscous fluid is of great prac-
tical interest because it occurs in a number of engi-
neering processes i.e. in the polymer industry when 
a polymer sheet is extruded continuously from a die, 
with a tacit assumption that the sheet is inextensible. 
During its manufacturing process a stretched sheet in-
teracts with the ambient fluid both thermally and me-
chanically. Convective heat transfer in porous media 
has been a subject of great interest for the last several 
decades. The research activities in this field has been 
accelerated because of a broad range of applications in 
various disciplines, such as geophysical, thermal and 
insulating engineering, solar power collector, cooling 
of electronic systems, crystal growth in liquids, chem-
ical catalytic reactors, petroleum reservoirs, nuclear 
waste repositories, post-accident heat removal from 
pebble-bed nuclear reactors, etc. The state of-the-art 
has been very well summarised in the recent books by 
Nield and Bejan [4], Ingham and Pop [5, 6] and Be-
jan et al. [7]. The study of magnetic field effects has 
important applications in physics and engineering. 
There have been several recent studies on the effect of 
the magnetic field on the flow and heat transfer prob-
lems. Ece [8] investigated the similarity analysis for 
the laminar free convection boundary layer flow in the 
presence of a transverse magnetic field over a verti-
cal down-pointing cone with mixed thermal boundary 
conditions. He determined the boundary layer velocity 
and temperature profiles numerically for various val-
ues of the magnetic parameter and the Prandtl number. 
Dinarvand et al. [9] examined the unsteady laminar 
MHD flow near forward stagnation point of an im-
pulsively rotating and translating sphere in presence 
of buoyancy forces. Also, he [10] studied the bound-
ary-layer flow about a heated and rotating down-point-
ing vertical cone in the presence of a transverse 

magnetic field. The effect of thermal radiation on the 
flow and heat transfer have not been provided in the 
most investigations. The effect of radiation on MHD 
flow and heat transfer problem have become more 
important industrially. At high operating temperature, 
radiation effect can be quite significant. Many process 
in engineering areas occur at high temperature and a 
knowledge of radiation heat transfer becomes very 
important for design of reliable equipment, nuclear 
plants, gas turbines and various propulsion devices or 
aircraft, missiles, satellites and space vehicles. Hayat 
et al. [11] studied a two dimensional mixed convection 
boundary layer MHD stagnation point flow through a 
porous medium bounded by a stretching vertical plate 
with thermal radiation. Das [12] discussed the effect 
of thermal radiation on MHD slip flow over a flat plate 
with variable fluid properties. A nanofluid is a new 
class of heat transfer fluids that contain a base fluid and 
nanoparticles. The use of additives is a technique ap-
plied to enhance the heat transfer performance of base 
fluids. The thermal conductivity of the ordinary heat 
transfer fluids is not adequate to meet today’s cool-
ing rate requirements. Nanofluids have been shown 
to increase the thermal conductivity and convective 
heat transfer performance of the base liquids. Choi 
[13] seems to be the first who used the term nanoflu-
ids to refer to the fluid with suspended nanoparticles. 
Choi et al. [14] showed that the addition of a small 
amount (less than 1% by volume) of nanoparticles to 
conventional heat transfer liquids increased the ther-
mal conductivity of the fluid up to approximately two 
times. One of the possible mechanisms for anomalous 
increase in the thermal conductivity of nanofluids is 
the Brownian motions of the nanoparticles inside the 
base fluids. A variety of nuclear reactor designs fea-
tured by enhanced safety and improved economics are 
being proposed by the nuclear power industry around 
the world to more realistically solve the future energy 
supply shortfall. Nanofluid coolants showing an im-
proved thermal performance are being considered as a 
new key technology to secure nuclear safety and eco-
nomics. Nanofluids are suspensions of nanoparticles in 
fluids that show significant enhancement of their prop-
erties at modest nanoparticle concentrations. Many of 
the publications on nanofluids are about understand-
ing their behavior so that they can be utilized where 
straight heat transfer enhancement is paramount as in 
many industrial applications, nuclear reactors, trans-
portation, electronics as well as biomedicine and food. 
Magnetic nanofluid is a unique material that has both 
the liquid and magnetic properties. Many of the phys-
ical properties of these fluids can be tuned by varying 
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model system for fundamental studies. As the magnet-
ic nanofluids are easy to manipulate with an external 
magnetic field, they have been used for a variety of 
studies. Brownian diffusion and thermophoresis are 
important slip mechanisms in nanofluids. Many re-
searchers have investigated different aspects of nano-
fluids. Thermophysical properties of nanofluids such 
as thermal conductivity, thermal diffusivity, and vis-
cosity of nanofluids have been studied by Kang et al. 
[15], Velagapudi et al. [16], Turgut et al. [17], Rudyak 
et al. [18] Murugesan et al. [19], Tiwari and Das [20], 
and Nayak et al. [21]. Ahmad and Pop [22] examined 
the mixed convection boundary layer flow past a verti-
cal flat plate embedded in a porous medium filled with 
nanofluids. Dinarvand et al. [23] studied Mixed con-
vective boundary layer flow of a nanofluid over a ver-
tical circular cylinder. The two-dimensional boundary 
layer flow of a nanofluid past a stretching sheet in the 
presence of magnetic field intensity and the thermal 
radiation was studied  by Gbadeyan and Olanrewaju 
[24]. Very recently, Dinarvand et al. [25] examined the 
steady three-dimensional stagnation point flow of a 
nanofluid past a circular cylinder with sinusoidal radi-
us variation. Thermophoresis is a phenomenon, which 
causes small particles to be driven away from a hot 
surface and tower a cold one. Small particles, such as 
dust, when suspended in a gas with a temperature gra-
dient, experience a force in the direction opposite to 
the temperature gradient. This phenomenon has many 
practical applications in removing small particles from 
gas particle trajectories from combustion devices, and 
studying the particulate material deposition turbine 
blades. For more detail on the topic, the readers may 
consult the studies [26-31]. Das examined [32] the 
Effects of thermophoresis and thermal radiation on 
MHD mixed convective heat and mass transfer flow. 
Very recently, Kuznetsov and Nield [33] have exam-
ined the influence of nanoparticles on natural convec-
tion boundary-layer flow past a vertical plate, using a 
model in which Brownian motion and thermophore-
sis are accounted for. The authors have assumed the 
simplest possible boundary conditions, namely those 
in which both the temperature and the nanoparticle 
fraction are constant along the wall. Further, Nield and 
Kuznetsov [34] have studied the Cheng and Minkow-
ycz [35] problem of natural convection past a vertical 
plate, in a porous medium saturated by a nanofluid. 
The model used for the nanofluid incorporates the ef-
fects of Brownian motion and thermophoresis. For the 
porous medium the Darcy model has been employed. 
The Boungiorno [36] model has recently been used by 

Kuznetsov and Nield [33] to study the natural convec 
tive flow of a nanofluid over a vertical plate. Their sim-
ilarity analysis identified four parameters governing 
the transport process, namely a Lewis number Le, a 
buoyancy-ratio number Nr, a Brownian motion num-
ber Nb, and a thermophoresis number Nt. Also, the 
boundary layer flow of a nanofluid past a stretching 
sheet is considered by Khan and Pop [37] using Buon-
giorno’s model. The main goal of the present study 
is to investigate the two-dimensional mixed convec-
tion magnetohydrodynamic (MHD) boundary layer of 
stagnation-point flow over a stretching vertical plate 
in porous medium filled with a nanofluid in the pres-
ence of thermal radiation. Combined effects of heat 
and mass transfer in presence of Brownian motion and 
thermophoresis are also taken into account. Using a 
similarity transform the Navier–Stokes equations have 
been reduced to a set of nonlinear ordinary differential 
equations. The resulting non linear system has been 
solved numerically using the Runge–Kutta–Fehlberg 
method with a shooting technique. The effects of em-
bedded parameters on fluid velocity, temperature and 
particle concentration have been shown graphically. It 
is hoped that the results obtained will not only provide 
useful information for applications, but also serve as a 
complement to the previous studies.

2.  Problem statement and mathematical formula-
tion

   Consider the steady flow and heat transfer of an in-
compressible viscous nanofluid flow near the magne-
tohydrodnamic stagnation-point of a stretching verti-
cal plate in a porous medium   Two equal and opposite 
forces are applied along the x-axis so the surface (at  ) is 
stretched by keeping the origin fixed in a MHD viscous 
fluid of constant ambient temperature (see Figure-1). 
A uniform magnetic field of strength 0B  is applied in 
the positive direction of y-axis.The ambient uniform 
temperature and concentration of fluid is T∞  and C∞   , 
where the body surface is kept at a constant tempera-
ture wT  and constant concentration wC , respectively. 
The stretching velocity  ( )  wu x  and the ambient fluid 
velocity ( )U x  are assumed to vary linearly from the 
stagnation point as ( ) wu x cx=   and ( ) U x ax= , where 
a  and c  are positive constants. Moreover, the ef-
fects of Brownian motion and thermophoresis on flow 
and heat transfer are also considered. The govern-
ing equations for conservation of mass, momentum, 
temperature and nanoparticles equations for nano-
fluids can be expressed as, (see Khan and Pop [37])
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Fig. 1.   Physical model and coordinate system.
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subject to the boundary conditions

(1)

(6)

(5)

(4)
(3)

(2)

Here, u   and v  are the velocity components along   

x  and y  axes, respectively, T  is temperature, ρ  is 
the density of base fluid, ν  is the kinematic viscosity 
of the base fluid, α is the thermal diffusivity of the 
base fluid, σ is the electrical conductivity of the fluid, 
k is the permeability of the porous medium, g  is the 
gravitational acceleration, Tβ  is the thermal expansion 
coefficient, cβ  is the coefficient of expansion with con-
centration, τ  is the ratio of nanoparticle heat capacity 
and the base fluid heat capacity, 

BD  is the Brownian 
diffusion coefficient, TD  is the thermophoretic diffu-
sion coefficient, rq  is the radiative heat flux, respec-
tively, the ‘‘+ ” and ‘‘ ” signs in Eq. (2) respectively 
correspond to assisting buoyant flow and opposing 
buoyant flow. The radiative heat flux rq   is described 
by Roseland approximation such that, ([32] and [41]) 

* 4

*

4 ,
3r

Tq
k y
 




 
(7)

where *ó  is the Stefan–Boltzmann constant and *k  is 
the mean absorption coefficient. We assume that the 
temperature differences within the flow are sufficiently 
small so that the 4T  can be expressed as a linear func-
tion after using Taylor series to expand 4T  about the 

free stream temperature T∞  and neglecting higher-or-
der terms. This result is the following approximation

4 3 43 .4T T T T∞ ∞≅ −

From Eqs. (3), (7) and (8) one obtains

* 32 2
2

2 * 2

16( ) ( ) ( ) ,
3( )

T
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P
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x y y y y T y c k y

σα τ
ρ

∞

∞

 ∂ ∂ ∂ ∂ ∂ ∂ ∂
+ = + + + ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

To obtain similarity solutions for the system of 
Eqs. (1)–(4), we introduce the following similarity 
variables, ([28] and [32])

( ), , ( ) , ( ) ,
w w

T T C Ccc xf y
T T C C

ψ ν η η θ η φ η
ν

∞ ∞

∞ ∞

− −
= = = =

− −

where, ψ  is the stream function defined as /u yψ= ∂ ∂   
and /v xψ= −

(8)

(9)

(10)

∂ ∂ , which identically satisfy Eq. (1). 
Using the non-dimensional variables in Eq. (10), 
Eqs. (2), (3) and (4) reduce to the following ordinary 
differential equations
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where Λ  is the constant magnetic/porous medium pa-
rameter and ε  is The velocity ratio parameter, which 
are respectively, defined as 

2
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The boundary conditions (5) and (6)  become
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where, primes denote differentiation with respect to 
η  and the constant ( 0)λ ≥  is the buoyancy or mixed 
convection parameter λ . The mixed convection 
parameter δ , the solutal buoyancy parameter , the 
Hartman number M  , the porosity parameter 1λ , the 
Brownian motion parameter bN  , the thermophoresis 
parameter tN  , the Prandtl number Pr  , the Lewis 
number Le   and the radiation parameter dR  are, 
respectively, defined as

Here, the local Grashof number Gr  , the local solutal 
Grashof number Gc  , the local Reynold number xRe  
are defined by

The physical quantities of interest are the skin friction 
coefficient  fc , the local Nusselt number xNu , the 
local Sherwood number Sh  respectively, which are 
defined as
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where the surface shear stress wτ  , the surface heat flux   

wq  and the surface mass flux wj  are given by  

Using the non-dimensional variables (10), we get

3.  Results and discussion

Eqs. (11)-(13) subject to the boundary conditions 
(15) were solved numerically using the Runge–Kutta–
Fehlberg method with a shooting technique for some 
values of the governing parameters. With neglecting 
the effects of Λ   , λθ   and δφ  , the results for the 
skin friction coefficient 1/2

x fRe C    are compared with 
those obtained by Mahapatra and Gupta [38], Nazar 
et al. [39], Ishak et al. [40], Hayat et al. [11] and Pal 
[41] for different values of   in Table 1. The results 
show that the values obtained from the present numer-
ical results are in very good agreement with those pre-
viously published results. The values of skin friction 
coefficient, local Nusselt number and local Sherwood 
number are tabulated in Table-2 for various values of 
thermal radiation parameter dR   , the constant magnet-
ic/porous medium parameter Λ  , the solutal buoyancy 
parameter δ  , the Prandtl number Pr  for both cases 
of assisting and opposing flows when ε  = 1, Le  = 5, 
λ  = 1 and bN  = tN  =0.2. The values of the skin fric-
tion coefficient and the local Nusselt number increases 
when dR  and  δ  increase for assisting flows but for 
the opposing flow it shows a reverse behavior.
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Table 1.

Values of 1/2Re Cx f   for different values of ε  in absence of buoyancy forces λθ  , δφ  and 0Λ =  .

 

  Mahapatra and 
Gupta [33] 

Nazar et al. 
[34] 

Ishak et al. 
[35] 

Hayat et al. 
[8] 

Pal et al. 
[36] 

Present 
results 

0.1 –0.9694 –0.9694 –0.9694 –0.9694 –.96939 –0.9694 
0.2 –0.9181 –0.9181 –0.9181 –0.9181 –0.91811 –0.9181 
0.5 –0.6673 –0.6673 –0.6673 –0.6673 –0.66726 –0.6673 
2.0 2.0175 2.0175 2.0175 2.0175 2.01750 2.0175 
3.0 4.7293 4.7293 4.7293 4.7293 4.72928 4.7293 

 

 

 

 
 

 

Opposing flow  Assisting flow  
Pr   dR 

1/2
xShRe 

 
1/ 2

x xNu Re

 
1/ 2
x fRe C  1/2

xShRe 

 
1/ 2

x xNu Re

 
1/ 2
x fRe C  

1.6258 1.2120 -0.5820  1.7508 1.2987 0.5502  6.2 1.0 1.5 0.5 
1.5790 1.1800 -0.6018  1.7018 1.2760 0.5682     1.5 
1.5562 1.0637 -0.6228  1.6886 1.1583 0.5870     3.0 
1.5211 0.9433 -0.6408  1.6459 1.0300 0.6036     5.0 
1.6098 1.2010 -0.6600  1.7584 1.3047 0.6078  6.2 1.0 0.0 0.5 
1.6258 1.2120 -0.5820  1.7508 1.2987 0.5502    1.5  
1.6354 1.2183 -0.5306  1.7416 1.2940 0.5092    3.0  
1.6400 1.2217 -0.5042  1.7382 1.2917 0.4868    4.0  
1.6576 1.2343 -0.3042  1.7192 1.2828 0.2950  6.2 0.0 1.5 0.5 
1.6258 1.2120 -0.5820  1.7508 1.2987 0.5502   1.0   
1.5916 1.1873 -0.8690  1.7722 1.3153 0.8012   2.0   
1.5514 1.1595 -1.1685  1.7946 1.3313 1.0470   3.0   
1.6906 0.5660 -0.6908  1.8554 0.5617 0.6574  0.03 1.0 1.5 0.5 
1.6426 0.8637 -0.6520  1.7518 0.9407 0.6144  1.0    
1.6258 1.2120 -0.5820  1.7508 1.2987 0.5502  6.2    
1.6041 1.2658 -0.5704  1.7456 1.3290 0.5406  10.0    

Table 2.

 The effect of dR  , Λ  , δ  and  Pr  on the skin friction coefficient, local Nusselt number, local Sherwood number for both cases 

of assisting and opposing flows , when 1, 5, 1 Pr 6.2.Le andε λ= = = =
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A similar effect on the skin friction coefficient is 
observed when Λ  and Pr  decrease. From this ta-
ble, for assisting flows, the magnitude of the local 
Nusselt number increases by increasing δ  and Pr  . 
Clearly, there is the reverse behaviors for the oppos-
ing flows. A similar effect on the local Nusselt num-
ber is observed when Λ  and dR  decrease. More-
over, the magnitude of the local Sherwood number 
increases by increasing δ  for assisting flows. But 
for the opposing flow it shows a reverse behavior. 
A similar effect on the local Sherwood number is ob-
served when Λ  , dR  and decrease. The effect of Λ  
, λ , δ  , ε  , tN  , bN  , dR  , Pr  and Le  on the 
velocity profiles ( )f η′   for both cases of assisting 
and opposing flows are illustrated in Figures 2–10, re-
spectively. Figure-2 displays that for assisting flow the 
velocity ( )f η′   decreases as Λ   increases but for the 
opposing flow it shows a reverse behavior. Moreover, 
The boundary layer thickness is decreased by increas-
ing Λ  .The reason behind this phenomenon is that 
application of magnetic field to an electrically con-
ducting fluid give rise to a resistive type force called 
the Lorentz force. This force has the tendency to slow 
down the motion of the fluid in the boundary layer. 

Figure-3 indicates the infuence of λ  on the velocity pro-
files ( )f η′ . It was observed that for the assisting flow 
the velocity increases at the beginning until it achieves 

a certain value, then decreases until the value becomes 
constant, that is unity, at outside the boundary layer.

Fig. 2. The effect of the constant magnetic/porous medium param-

eter Λ  on the velocity profiles ( )f η′  .

The results of velocity are noted to be more pronounced 
for large λ  . This is because, large value of  λ  pro-
duces large buoyancy force which produces large ki-
netic energy. Then the energy is used to overcome a 
resistance along the flow. As a result, it decreases and 
becomes constant far away from the surface. Figure-4 
showes the effects of δ   on ( )f η′ . It can be seen from 
this Figure that δ  has the similar behavior as in Fig-
ure-3. The variation of ε  on ( )f η′  is seen in Figure-5. 
It is noted that when ε  >1, the flow has a boundary 
layer structure and the thickness of the boundary layer 
decreases with increase in ε  .According to Mahapatra 
and Gupta [38], it can be explained as follows: for a 
fixed value of c corresponding to the stretching of the 
surface, an increase in a  in relation to c  (such that  ε  
>1) implies an increase in straining motion near the 
stagnation region resulting in increased acceleration of 
the external stream, and this leads to thinning of the 
boundary layer with an increase in ε  . Further, it is 
seen from Figure-5 that when ε  < 1, the flow has an 
inverted boundary layer structure. It results from the 
fact that when ε  < 1, the stretching velocity   of the 
surface exceeds the velocity   of the external stream 
Figure-6 display the effect of thermophoretic pa-
rameter tN  on the velocity profiles ( )f η′ . This 
Figure shows that the velocity of fluid increases in 

 

 

 

 

 

 

 
 

  

Fig. 3. The effect of the buoyancy parameter λ  on the velocity 

profiles ( )f η′  .

case of assisting flow by increasing N t , however 
it is clear a reverse behavior for the opposing flow.
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Fig. 4. The effect of the solute buoyancy parameter   on the veloc-

ity profiles ( )f η′  .

 

 

 

 

 

 

 

 

  
 

 

 

 

  

Fig. 6. The effect of the thermophoresis parameter N t   on the ve-

locity profiles ( )f η′  .

Fig. 5. The effect of the velocity ratio parameter   on the velocity 

profiles ( )f η′  .

Figure-7 indicates that the velocity of fluid decreases in 
case of assisting flow by increasing bN  but the reverse 
trend is noted in the opposing flow. Figure-8 also shows 
the effects of  dR  on ( )f η′  . It can be seen from this 
Figure, that dR  has the similar behavior as in Figure-6

Figure-9 indicates that the velocity of fluid decreases in 
case of assisting flow by increasing  Pr  but the reverse 
trend is noted in the opposing flow. From Figure-10, it is 

 

 

 

 

  

 

 

  
  Fig. 8. The effect of the radiation parameter dR  on the velocity 

profiles ( )f η′  .

Fig. 7. The effect of the Brownian motion parameter N b  on the 

velocity profiles ( )f η′  .

observed that Le  has the similar behavior as in Figure-9..
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Fig. 10. The effect of the lewis number Le  on the velocity profiles

( )f η′  .

Fig. 9. The effect of the Prandtl number Pr  on the velocity pro-

files ( )f η′  .

The effect of Λ , λ  , δ  , ε  , tN  , bN , dR , Pr  
and Le  on the temperature profiles ( )θ η  for both 
cases of assisting and opposing flows are illustrated 
in Figures 11–19, respectively. From Figure-11, it is 
observed that the temperature profiles ( )θ η  increases 
in case of assisting flow by increasing Λ  but the re-
verse trend is noted in the opposing flow. Moreover, 
this increment in ( )θ η  is larger in case of an oppos-
ing flow. It can be seen from Figure-12 that for assist-
ing flow the temperature components decrease with 
increase in the mixed convection parameter λ , but 
a reverse behaviar is observed for the opposing flow. 

 

 

 

 

  

 

 

 

 

 
Fig. 12. The effect of the buoyancy parameter λ   on the tempera-

ture profiles ( )θ η  . 

Fig. 11. The effect of the constant magnetic/porous medium pa-

rameter Λ  on the temperature profiles, ( )θ η .

Figure-13 indicates the effects of δ   on  ( )θ η . 
It can be seen from this Figure that δ  has the sim-
ilar behavior as in Figure-12. From Figure-14, it 
is observed that the temperature profiles ( )θ η  de-
crease in both cases of assisting and opposing 
flows by increasing ε . Besides, the thermal bound-
ary layer decrease as ε  increase in both cases.



234                                                     A. G. J. Ghadam et al.  / Journal of Particle Science and Technology (2015) 225-240

Figures-15 and 16 display the effect of thermophoretic 
parameter tN on temperature profiles. It is to note that 
the temperature of the fluid increases with increase 
of tN in both cases of assisting and opposing flows. 
Moreover, The boundary layer thickness is increased 
by increasing tN .It can be seen from Figure-16 
that bN has the similar behavior as in Figure-15.

 
 
 
 

 
  
 
 
 
 

 
 Fig. 14. The effect of the velocity ratio parameter ε  on the tem-

perature profiles ( )θ η  .

Fig. 13. The effect of the solutal buoyancy parameter δ  on the 

temperature profiles ( )θ η .

From Figure-17, it is observed the temperature ( )θ η   
increases by increasing dR  in both cases of assisting 
and opposing flows. It is observed that the increase of 
the radiation parameter dR leads to an increase of the 
temperature profiles and to an increase of the bound-
ary layer thickness. Therefore, higher values of dR  
imply higher surface heat flux and thereby making 
the fluid become warmer. This enhances the effect of 
the thermal buoyancy of the driving body force due to 
mass density variations which are coupled to the tem-
perature and, therefore, increasing the fluid velocity. 

 
 
 
 
 
 

 
 
 
 
 
 
 

 

Fig. 16 The effect of the Brownian motion parameter N b  on the 

temperature profiles ( )θ η .

Fig. 15. The effect of the thermophoresis parameter N t  on the 

temperature profiles  ( )θ η .
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Fig. 17. The effect of the radiation parameter   on the temperature 

profiles  ( )θ η .

Figure-18 shows that the thermal boundary layer 
thickness increases with decrease in the value of Pr   
which is associated with an increase in the wall tem-
perature gradient and, hence, produces an increase in 
the surface heat transfer rate in both the cases of as-
sisting and opposing flows. Further, the temperature 
θ decreases with the increase in Pr  . The effects of 
thermal buoyancy force are more pronounced on di-
mensionless temperature for a fluid with a small Pr  
. for small values of  Pr  (<< 1), the fluid is highly 
conductive. Physically, if Pr  increases, the thermal 
diffusivity decreases and this phenomenon leads to 
the decreasing of energy transfer ability that reduc-
es the thermal boundary layer. Figure-19 displays 
that Le  has the similar behavior as in Figure-18. 

 
 
 
  
 

 

Fig. 18 . The effect of the Prandtl number Pr  on the temperature 

profiles ( )θ η .

 
 
 
 
 
 

 

Fig. 19 . The effect of the lewis number Le   on the temperature 

profiles ( )θ η .

The variations in concentration with η   for various 
values of Λ  , λ  ,δ , ε  , tN  , bN  and Le  are shown 
in Figures 20–26, respectively. From Figure-20, it 
is observed that the concentration increases with in-
creasing the value of the constant magnetic/porous 
medium parameter Λ  for assisting flow and this 
trend is reversed for opposing flow. Figure-21 shows 
that the concentration decreases with increasing the 
value of thermal buoyancy parameter λ for assist-
ing flow and this trend is reversed for opposing flow. 

 
 
 
 
 
 

 
Fig. 20. The effect of the constant magnetic/porous medium pa-

rameter Λ  on the concentration profiles ( )φ η  .
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Fig. 21. The effect of the buoyancy parameter λ  on the concentra-

tion profiles  ( )φ η  .

Figure-22 displays that   has the similar behavior 
as in Figure-21. From Figure-23, it is seen that the 
concentration decreases with increase in the val-
ues of ε  for both of assisting and opposing flows

 
 
 
 
 
 

 

Figure-24 displays the effect of thermophoretic param-
eter tN  on nanoparticle volume fraction profiles. It is 
to note that the nanoparticle volume fraction increases 
with increase of tN  We notice that, positive tN   indi-
cates a cold surface, but is negative to a hot surface. For 
hot surfaces, thermophoresis tends to blow the nanopar-
ticle volume fraction boundary layer away from the 
surface since a hot surface repels the sub-micron sized 
particles from it, thereby forming a relatively parti-
cle-free layer near the surface. Figure-25 illustrates 
the nanoparticle volume fraction profiles for various 
values of Brownian motion parameter, bN   Nanopar-
ticle volume fraction decreases with increase of bN   . 

 
 
 
 
 
 

 
Fig. 23. The effect of the velocity ratio parameter ε   on the con-

centration profiles ( )φ η  .

Fig. 22. The effect of the solutal buoyancy parameter δ  on the 

concentration profiles ( )φ η  .

 
 
 
 
 
 

 

Fig. 24. The effect of the thermophoresis parameter N t  on the 

concentration profiles ( )φ η . .
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Fig. 25. The effect of the Brownian motion parameter N b  on the 

concentration profiles ( )φ η  .

It is interesting to note that Brownian motion of 
nanoparticles at the molecular and nanoscale levels is 
a key nanoscale mechanism governing their thermal 
behavior. In nanofluid systems, due to the size of the 
nanoparticles Brownian motion takes place which can 
affect the heat transfer properties. As the particle size 
scale approaches to the nano-meter scale, the particle 
Brownian motion and its effect on the surrounding liq-
uids play an important role in heat transfer. The behav-
ior of Lewis number Le   is shown in Figure-26. Since 
the larger values of Lewis number makes the molecular 
diffusivity smaller, therefore it decreases the concen-
tration field for both of assisting and opposing flows. 

 
 
 
 
 
 

 

Fig. 26. The effect of the lewis number Le  on the concentration 
profiles ( )φ η  .

Figures 27-29 are prepared to present the effect of 
the Brownian motion parameter bN and the thermo-
phoresis parameter tN  on the skin friction coefficient 

1/ 2
x fRe C  , the local Nusselt number 1/ 2

x xNu Re−  and the 
local Sherwood number  1/2

xShRe −  in both cases of the 
assisting and opposing flows. From Figure-27, it is ob-
served that the magnitude of skin friction coefficient 
increases with the increases in 

tN  and decreases in 
bN

. but for the opposing flow it shows a reverse behav-
ior. Figure-28 displays that the local Nusselt number 
decreases with the increases in bN  and tN   in both 
cases of the assisting and opposing flows. Figure-29 
shows that the local Sherwood number decrease with 
the thermophoresis parameter   for lower Brownian 
parameter bN  and increase for larger values of bN  
in both cases of the assisting and opposing flows.

 
 
 
 
 
 

 
 
 
 
 
 
 

 
Fig. 28. The effect of the thermophoresis parameter N t  and N b  
the Brownian motion parameter  on the local Nusselt number .

Fig. 27. The effect of the thermophoresis parameter N t  and N b  the 
Brownian motion parameter  on the skin friction coefficient.
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Fig. 29. The effect of the thermophoresis parameter N t  and the 
Brownian motion parameter N b on the local Sherwood number

5. Conclusions

The two-dimensional mixed convection MHD 
boundary layer of stagnation-point flow over a stretch-
ing vertical plate in porous medium filled with a nano-
fluid and in the presence of thermal radiation was in-
vestigated. Both the effects of Brownian motion and 
thermophoresis are considered simultaneously. The 
governing partial differential equations were con-
verted to ordinary differential equations using a suit-
able similarity transformation and were then solved 
numerically using the Runge–Kutta–Fehlberg meth-
od with a shooting technique. Similarity solution is 
presented which depends on the Brownian motion 
parameter bN , the thermophoresis parameter tN , 
the constant magnetic/porous medium parameter Λ , 
the mixed convection parameter λ , the solutal buoy-
ancy parameter δ , The velocity ratio parameter ε
, the Prandtl number Pr , the Lewis number Le and 
the radiation parameter dR  on the flow and heat and 
mass transfer characteristics. Finally, from the pre-
sented analysis, the following observations are noted.

•The velocity of fluid increases in case of assisting 
flow by decreasing Λ  , bN , Pr  and Le  but the op-
posite trend is noted in the opposing flows. A similar 
effect on the velocity is observed when λ , δ , tN  and 

dR increases.

• The temperature increases by increasing bN , tN  
and dR   in both cases of buoyant assisting and 

opposing flows. A similar effect on the tempera-
ture is observed when Pr  , Le  

both cases of buoyant assisting and opposing flows. A 
similar effect on the temperature is observed when Le  
, and bN  decreases.

• The magnitude of skin friction coefficient increases 
with the increases in tN  and decreases in bN  . but for 
the opposing flow it shows a reverse behavior. More-
over, the local Nusselt number decreases with the in-
creases in tN  and  bN  in both cases of the assisting 
and opposing flows. Also, the local Sherwood number 
decrease with the thermophoresis parameter  tN  for 
lower Brownian parameter bN  and increase for larger 
values of bN  .
• The volume fraction of nanoparticles is a key param-
eter for studying the effect of nanoparticles on flow 
fields and temperature distributions. It is interesting to 
note that the impact of thermophoresis particle depo-
sition with Brownian motion have a substantial effect 
on the flow field and, thus, on the heat transfer and 
concentration rate from the sheet to the fluid.
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