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perturbative calculation of the quantum field theory. The expectation value of the vacuum of field 
operators is defined as a sum of operator product expansion methods. The results are applied to 
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1. Introduction 
 

The study of the interaction between charm and anticharm 

quarks is one of the core topics in particle and high-energy 

physics. In such studies, the constituent particles' thermal 

properties and relativistic behavior are essential compared to 

the other properties [1,2]. The traditional framework of strong 

interaction is based on particle behavior, and the bound state 

is described as a point-like system. In this article, we try to 

present the real and imaginary potential of interaction. In this 

regard, we do not neglect the time behavior in the complex 

potential interaction and two-particle imaginary time Green’s 

function [3,4].  

As we know, in recent years, hadronic bound states physics 

has entered a new period with the rise of increased control of 

the strong interaction colliders such as BABAR 

collaborations, SIDIS data from COMPASS, ALICE 

experiment, and exact SIA measurements [5-7]. Hence, 

many methods and approaches concentrate on real-

imaginary functions with thermal properties at finite 

temperatures. The real-imaginary formalism of potential and 

Green's function (correlator) are essential and influential in 

describing the thermal properties of a charmonium confined 

state, as well as relativistic properties in hadronic high 

energy physics. In real time, we can calculate Green's 

function of a bound state using the Feynman path integral, 

and it should be averaged over fields in the initial and final 

state. Therefore, the generating functional, which is a critical 

object in quantum field theory, can be identified with the 

quantum partition function, and if we evaluate on imaginary 

time 𝑡 = −𝑖𝜏 and trace over the initial and final state, then 

set initial and final states equal and sum over them, we can 

find the relation between quantum mechanics and 

thermodynamic expectation values 𝑡 → −𝑖𝜏, where the 

imaginary-time variables are 𝜏 ∈ ሾ0,𝛽ሿ, 𝛽 =  ଵ௞್் , where 𝑇 

is the temperature, and 𝑘௕ is Boltzmann constant [8].  

Partition functions or thermodynamic quantities must be 

modified appropriately by imposing periodicity conditions 

on the fields and the Euclidean spacetime integrals. 

Afterwards, the imaginary time and the real-time Green's 

function are related by relation 𝐺ሺ𝑟,𝑡ሻ = 𝐺ሺ𝑟,𝑖𝜏ሻ. This 

relation shows that we could define Green's function 𝐺ሺ𝑥⃗, 𝑧ሻ 
in a complex form equal to Green's function of quantum 

mechanics and thermodynamics, i.e., 𝐺ሺ𝑟,𝑧ሻ, 𝑧 ∈ 𝐶 for real 𝑧 and similar to the thermodynamic average for imaginary 𝑧. 𝐺ሺ𝑟,𝑡ሻ computes the real-time correlation function at zero 

temperature while 𝐺ሺ𝑟,𝑖𝜏ሻ computes real-time correlation 

functions in a quantum field theory at finite temperature [8]. 

These two correlation functions, 𝐺ሺ𝑟,𝑖𝜏ሻ and 𝐺ሺ𝑟,𝑡ሻ, are 

different. We can obtain the correlation function at the 𝑇 =0 temperature by taking 𝑙𝑖𝑚ఉ→ஶ𝐺ሺ𝑟,𝑖𝜏ሻ, where we know that 𝐺ሺ𝑟,𝑡ሻ = 𝑙𝑖𝑚ఉ→ஶ𝐺ሺ𝑟,𝑖𝜏ሻ. Now we try to apply the main idea of 

the real and imaginary method of Green's function 𝐺ሺ𝑟, 𝑧ሻ to 

calculate Green's function in the form of Feynman functional 

integrals or Feynman path integrals. This idea of Feynman 

path integrals is defined by the Gaussian-equivalent 

representation path Integrals approach, which develops 

various actual problems of modern quantum physics [9].  

Using this idea, we should present the influence functional 

and complex potential of the charmonium confined state in a 

thermalized environment (isotropic medium) in which they 

interact. Calculating the confined mass spectra of the 

charmonium systems with charges and rest masses is one of 

the important issues in defining the formation behavior and 

dynamics of hadronic systems at finite temperatures. Our 

main goal in this article is to treat quantum chromodynamics 

interactions from a thermal and relativistic point of view and 

define mass spectra of the charmonium bound states based 

on the real-time and the imaginary time Green's function and 

potential interaction. This paper is divided into the following 

sections. Section 2 explains the real and the imaginary time 

Green's function and potential interaction for the 

charmonium bound states. Section 3 calculates the bound 

state energies of the charmonium bound states in the 

complex potential. The constituent mass of bounded 

particles and energy spectrum in the formalism of Feynman 

path integrals, the complex potential, operator product 

expansion method, and thermodynamic behavior of the 

environment (isotropic medium) are calculated in Section 4, 

and we elaborate the conclusion in Section 5 [10-12]. 
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2. The imaginary-time and the real Green's function 
 

The Green's function of the charmonium bound states in a 

hot environment (isotropic medium) has been studied in 

recent years based on the relativistic behaviors of a system. 

Matsui and Satz have described and suggested such bound 

states in heavy-ion collision excrement based on ultra-

relativistic conditions [13]. Hence, in this research, we study 

the charmonium bound states at finite temperatures from a 

theoretical standpoint of the real-imaginary time effect on 

Green's function and the screened potential of interaction.   

First, we present Green's function as Feynman path 

integral. As we know, too many subjects of particle physics 

at high energies and ultra-relativistic limits in terms of 

Feynman path integral are formulated. Our solution is 

obtained using Gaussian-equivalent representation path 

integrals in the Feynman functional integral pattern, where 

the bound state interaction in quantum field theory is 

described as the interaction functional that depends on the 

fields 𝜑ሺ𝑟ሻ. The exact result of functional integral ሾ𝑉ሺ𝜑ሻሿ is 

explained for a limited type of interaction functionals for 

which the path integral can be simplified to the Gaussian 

type integral and reduced to the approximate analytical path 

integral approaches, such as Wentzel–Kramer–Brillouin 

(also known as the Liouville–Green method), the large 𝑁 expansion, and the instanton approximation [14-16].  

We then developed a universal approach to describe this 

functional integral for the large, strong coupling regime 𝑔 → ∞. Subsequently, we used the operator product 

expansion method of the total Hamiltonian of the 

charmonium bound state based on the zero-point state of 

the system. This means that we have to present the 

functional path integral in the form of the Gaussian 

equivalent representation (also known as the Gaussian 

equal representation of functional integrals),  which is 

defined by the real and the imaginary time Green's 

function and interaction function of potential ሾ𝑉ሺ𝜑ሻሿ. 
Using the operator product expansion method [17], we can 

find the solution of differential equations of correlators for 

the charmonium bound state in quantum field theory and 

nonrelativistic quantum mechanics. After that, based on 

the Bethe-Salpeter equation, 
 𝐻௧௢௧𝛹ሺ𝑟ሻ = 𝐸ℓ𝛹ሺ𝑟ሻ ⟹ ቂඥ𝑚ଵଶ + 𝑝ଶ + ඥ𝑚ଶଶ + 𝑝ଶ + 𝑉ሺ𝑟ሻቃ𝛹ሺ𝑟ሻ = 𝐸ℓ𝛹ሺ𝑟ሻ            (1) 

we can define the energy spectrum of the charmonium in the 

relativistic conditions under the thermal properties of a 

system. 𝐻௧௢௧  =  𝐻௡௥௘௟  +  𝐻௥௘௟ + 𝐻௦ + 𝐻௠௘ௗ, where 𝐻௡௥௘௟ is 

the classical Hamiltonian describing the quarks in zero-state 

(vacuum state), 𝐻௠௘ௗ is the Hamiltonian of the isotropic 

medium in which the charmonium propagates, 𝐻௦ is spin-

spin, spin-orbit, and tensor interactions, and 𝐻௥௘௟ represents 

the nonperturbative relativistic term of interaction and also 

the interactions between the isotropic medium and the 

charmonium bound state. Thus, the non-perturbing additives 

associated with the relativistic nature of the bound state are 

included in Eq. (1).  

We consider the interaction of the charmonium quarks in 

the neutral field 𝜑ሺ𝑟ሻ, and an explanation of interaction is 

given in the Euclidean metrics and Minkowski spacetime. 

The propagator (Green’s function) of the charmonium quarks 

with the rest masses 𝑚௜ is 𝐺 (𝑡, 𝑟ଵ; 𝑡, 𝑟ଶ| 0, 𝑟ଵ́; 0, 𝑟ଶ́) [11,18]. 

As we know, based on the basic results of equilibrium 

statistical mechanics, the thermal average of an observable 𝑋 

at a finite temperature 𝑇 is defined as 〈𝑋〉 = 𝑡𝑟 𝑋෠𝜌ො, where the 

symbol 𝑡𝑟 is the trace of an operator ൫𝑡𝑟 𝑋෠൯ = ∑ 〈𝑖ห 𝑋෠ห𝑖〉௜ , i.e., 

it presents the summation over the expectation values of the 𝑋෠ over an orthonormal basis set. 𝜌ො is the density matrix, and 

it describes thermal distribution over the different eigenstates 

of the system. Hence, the expectation value of the evaluation 

of the propagator (Green's functions) in a thermal isotropic 

medium will be the form of a thermal average as follows [18]: 
 〈𝐺 (𝑡, 𝑟ଵ; 𝑡, 𝑟ଶ| 0, 𝑟ଵ́; 0, 𝑟ଶ́)〉 = ଵ௓ 𝑡𝑟൛𝑒ିఉு೟೚೟𝐽ି(𝑡; 𝑟ଵ, 𝑟ଶ)𝐽ା(0; 𝑟ଵ, 𝑟ଶ́)ൟ              (2) 

with z = tr𝑒ିఉு೟೚೟ ,𝛽 = ଵ௞್் . 

We know that the considerable time and effective 

interaction behaviors of the propagator at 𝑡 → ∞ will be 𝐺 (𝑡, 𝑟ଵ; 𝑡, 𝑟ଶ)~𝑒ି௜௧௏(௥భି௥మ). Our goal is to provide a short 

review of the Feynman path integral method and functional 

integral technique in quantum field theory and high energy 
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hadronic interactions due to calculating the propagator Eq. 

(2). The functional integral technique determined the total 

energy and mass spectrum of charmonium bound state within 

nonrelativistic quantum mechanics when a complex screened 

interaction potential is selected. The Bethe-Salpeter Eq. (1) or 

the relativistic form of the Schrödinger equation provides 

mathematical techniques for describing bound state 

formalism with the relativistic corrections; hence, the 

theoretical challenge is reduced to defining the bound state 

properties with complex screened interaction potential based 

on Feynman's functional path integral and within quantum 

field theory and quantum electrodynamic ideas [11].  

The following describes the hadronic screened complex 

potential of interaction and mass spectrum of the bound state. 

This idea focuses on thermal and ultra-relativistic corrections 

within perturbation theory. Since the binding energy and 

relativistic mass of the charmonium bound state from the 

Bethe-Salpeter equation are difficult to calculate, we 

determine these properties using Feynman's functional path 

integral and the quantum field theory method. The confined 

charmonium’s mass is defined by the real-time and the 

imaginary time Green's function and potential interaction 

based on the asymptotic behavior of the correlation function П(𝑟 − 𝑟 )́ overtime for the charged scalar particle in the fields 𝜑(𝑟) [19]. Applying the functional method to the function П(𝑟 − 𝑟 )́ and then using functional Feynman path integral in 

nonrelativistic quantum mechanics, we define the asymptotic 

behavior of bound state wave function at large distances, then 

by averaging and integrating П(𝑟 − 𝑟 )́ over the field 𝜑(𝑟), 

one can define the mass spectrum of the charmonium bound 

state and energy eigenvalue.  

Next, we start with the motion of charged particles in the 

field 𝜑(𝑟) with complex screened type potential 𝑉(𝑟) and 

present Green's function 𝐺௠ (𝑟,𝑟 )́ of potential field 𝜑(𝑟). In 

quantum field theory, a propagator is a mathematical tool 

used to describe the behavior of particles or fields in terms of 

correlations between different points (𝑟 → 𝑟 )́ in spacetime. 

It is a solution to  Schrödinger equations ሾ(𝑖𝜕௥ + 𝑔𝜑(𝑟 )൯ଶ +𝑚ଶ]𝐺௠ ൫𝑟ห 𝜑(𝑟)൯ = 𝛿(𝑟 − 𝑟 )́ for a given field in the 

spacetime points 𝑟 and 𝑟 ,́ and with the coupling constant 𝑔 

and specific boundary conditions. Green's functions are used 

to explain П(𝑟 − 𝑟 )́, due to calculating S-matrix elements, 

differential cross-sections, and total cross-sections in high 

energy physics. Therefore, the behavior of the charged 

particle with mass 𝑚 in the field 𝜑(𝑟) are presented by the 

current 𝐽(𝑟) = 𝑅ା(𝑟)𝑅ି(𝑟), where 𝑅ା(𝑟) and 𝑅ି(𝑟) are the 

particle fields, and 𝑟 represents the spacetime coordinates (𝑥,𝑦,𝑧,𝑡). In the electromagnetic potential field, the general 

formula for the real current of fermion fields is presented as 𝐽(𝑟) = 𝑅ା(𝑟)𝛾ఓ𝑅ି(𝑟), where 𝛾ఓ is the gamma matrix, 𝜇 is 

the index representing the spacetime direction, 𝑅ା(𝑟) is the 

fermion field, and 𝑅ି(𝑟) is the adjoint (conjugate) fermion’s 

field. The average on the background field 𝜑(𝑟 ) (that limits 

only the lowest order of two dot Gaussian correlator) reads 〈𝑒ሼ௜ 〈ௗ௥ఝഀ(௥ )௃ഀ(௥)ሽ׬ = 𝑒൛ି଴.ହ׬׬ௗ௥ௗ௥́௃ഀ(௥)஽ഀഁ(௥ି௥́)௃ഁ(௥́)ൟ.  
The Gaussian propagator of the field has the form 𝐷ఈఉ(𝑟 − 𝑟́) = 〈𝜑ఈ(𝑟 )𝜑ఉ(𝑟 )〉 = 𝛿ఈఉ𝐷 (𝑟 − 𝑟́) + 𝜕ఈ𝜕ఉ𝐷ന (𝑟 −𝑟́), where 𝐷ఈఉ(𝑟 − 𝑟́) is the covariant function of the random 

field. The scalar product current of two scalar charged 

particles with masses 𝑚௜,𝑚௝ is 〈𝐽(𝑟) ∙ 𝐽(𝑟 )́〉 =  〈𝑅ା(𝑟) ∙𝑅ି(𝑟)|𝑅ା(𝑟 )́ ∙ 𝑅ି(𝑟 )́〉, is the equivalent of 〈𝐺௠೔(𝑟| 𝜑(𝑟 )) ∙𝐺௠ೕ(𝑟 |́ 𝜑(𝑟  ́))〉, where 𝐺௠೔,௠ೕ൫𝑟௜,𝑟௝; 𝑟 ௜́,𝑟 ௝́൯ =〈0ห𝑇෠𝜑(𝑟௜)𝜑൫𝑟௝൯𝜑(𝑟 ௜́)𝜑൫𝑟 ௝́൯ห0〉 is the kernel function of a 

scalar-charged particle with mass 𝑚௜,𝑚௝ in the 𝜑(𝑟 ) field 

and 𝑇෠  is the time-ordered product of operators. The function 𝐺௠೔,௠ೕ൫𝑟௜,𝑟௝; 𝑟 ௜́,𝑟 ௝́൯ can determine the correlators by 

averaging over the field 𝜑(𝑟 ) and the correlator takes the 

form:  П(𝑟 − 𝑟 )́ = 〈𝐽(𝑟)𝐽(𝑟 )́〉 = 〈𝐺௠೔൫𝑟ห𝜑(𝑟 )൯𝐺௠ೕ൫𝑟 ห́𝜑(𝑟 )൯〉 =−2𝑖 ∑ ׬ ௗయ௥(ଶగ)య ቂ𝐺௠೔൫𝑟,𝑟 ห́𝜑(𝑟 )൯𝐺௠ೕ൫𝑟,𝑟 ห́𝜑(𝑟 )൯ቃ  
 

As we know, the kernel function of a scalar-charged 

particle with mass mi ,mj in the 𝜑(𝑟 ) field based on Feynman's 

functional path integral is: 𝐺൫𝑟,𝑟 ห́𝜑(𝑟 )൯= න 1𝑁𝛿𝜎𝑒൛ି଴.ହ׬׬ௗ௥ௗ௥ ఝ́(௥)ீషభ(௥,௥ )́ఝ(௥ )́ൟ𝑒ି௚ሾ௏(ఝ)]
= 1𝑁ෙ 𝛿𝜎𝑒൛ି଴.ହ׬ௗ௥൫ఝ(௥)൯ మି௚ሾ௏(ఝ)]ൟ 
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where 𝑁 and 𝑁ෙ are the normalization scaling coefficient with 

the conditions ׬𝑑𝜎 = 1, and ׬𝑑𝑟 𝐺́ିଵ(𝑟,𝑟 )́𝐺  (𝑟,𝑟 )́ =𝛿(𝑟 − 𝑟 )́, 𝑟 = (𝑐𝑡, 𝑟) = (𝑟଴, 𝑟), and  𝜏 = 𝑖𝑡. Here 𝜏௜ is the 

proper time of composite particles 𝑖.  
We assume that at the initial time, composite particles are 

at rest and interact with each other only through fields. We 

study the asymptotic behavior 𝑟 →  (𝑜𝑟 𝑡 → ) of П(𝑟 −𝑟 )́. Using the variational parameters 𝑞, 𝑠, the functional 

integral 𝐺൫𝑟,𝑟 ห́𝜑(𝑟 )൯ is described in the form 𝐺൫𝑟,𝑟 ห́𝜑(𝑟 )൯ ≥ ~𝑒ሼெ ሽ, where 𝑀  is the bound state mass 

spectrum 𝑀 = 𝑚𝑖𝑛 ቄ−0.5∑ ቂ𝑙𝑛(1 + 𝑞௡) − ௤೙ଵା௤೙ቃ −௡0.5∑ 𝑠ଶ௡ −  𝑑𝜎𝑈ሾ𝜑,𝑠]ቅ. Then, after following the׬

mathematical modifications presented above, the solution to 

the equation ሾ(𝑖𝜕௥ + 𝑔𝜑(𝑟 )൯ଶ + 𝑚ଶ]𝐺௠ ൫𝑟ห 𝜑(𝑟)൯ = 𝛿(𝑟 −𝑟 )́ in the functional integral form with the correlator function 

in the four-dimension spacetime in the path integral form 

becomes as follows [18,20]: 

𝐺௠ ൫𝑟,𝑟 ห́𝜑(𝑟 )൯ = න 𝑑𝜇(4𝜋𝜇)ଶ 𝑒൜ିఓ௠మି(ೝషೝ )́మరഋ ൠஶ
଴  

׬ 𝑑𝐵(𝜉)𝑒ቄ௜ ׬ ௗక(௥ି௥́ାଶ√ఓ)஻(క)ఝ(௥ )൫௥஻(క)ା௥́൫ଵି஻(క)൯ାଶ√ఓ൯஻(క)భబ ቅஶ଴ =  

න 𝑑𝜇(4𝜋𝜇)ଶ 𝑒൜ିఓ௠మି(ೝషೝ )́మరഋ ൠஶ
଴  

׬ 𝑁𝛿𝐵(𝜉)𝑒ቄି଴.ହ׬ ௗక (஻ሶభబ (క)) మቅ𝑒ቄ௜௚׬ ௗక௭ሶ (క)భబ ఝ(క)ቅஶ଴ =
𝐺௠ ൫𝑟,𝑟 ห́𝜑(𝑟 )൯=׬ ௗఓ(ସగఓ)మ 𝑒൜ିஜ௠మି(ೝషೝ )́మరഋ ൠஶ଴  

𝑒൜ି ௠௜௡(഍, σ, λ)>0
ቄ భర഍ାଶఙାഊమା௚క ׬ ௗఓ௙(௞)ಮబ ቅ  ൫(௥ି௥ )́൯ൠ

        (3) 

where 𝑧(𝜉) = (𝑟 − 𝑟 )́𝜉 + 𝑟 ́ − 2√𝜇𝐵(𝜉)  𝐵(0) = 𝐵(1) = 0 

𝑓(𝑘) = න𝑒ିఓ න൬𝑑𝑘2𝜋൰ସ 𝐷෱(𝑘ଶ) ൥1 − 𝑒ቊ೔ೖ೙ഋమഊ ି഍ల௞మ(ଵି௘ష഑ഋഊ ቋ൩ 
As we know, the evolution of quantum systems in 

nonrelativistic quantum mechanics can be alternately 

provided by the Feynman path integral formulation (FPF). 

The FPF expresses the transition amplitude between initial 

and final states in terms of a sum over all possible paths a 

particle or system can take. The form of FPF in nonrelativistic 

quantum system can be written as  〈𝑎௙(𝑡)|𝑎௜(𝑡)〉 ׬= 𝐷ஶ଴ ൤𝑎(𝑡)𝑒 ೔ℏௌሾ௔(௧)]൨, where S[𝑎(𝑡)] is the action, 〈𝑎௙(𝑡)|𝑎௜(𝑡)〉 is the transition amplitude between the initial 

position 𝑎௜(𝑡), and the final position 𝑎௙(𝑡), i.e., the  

integration over all possible paths 𝑎(𝑡) that the particle or 

system can take between 𝑖 and 𝑓 positions. FPF allows one to 

consider all possible states and paths in classical and quantum 

physics. Hence, the contributions of each path can lead to the 

quantum mechanical behavior of the system. Therefore, we 

use the evaluating form of FPF and note that the FPF is a 

powerful tool in quantum mechanics, and it has many 

applications in various fields, including condensed matter 

physics, quantum field theory, and quantum statistical 

mechanics. Therefore, using Eq. (3),  we determine the 

polarization function as follows [18]: 

П(𝑟 − 𝑟 )́ = න න 𝑑𝜇௜𝑑𝜇௝൫8𝜋ଶ𝜇௜𝜇௝|𝑟 − 𝑟 |́൯ଶஶ
଴

ஶ
଴  𝛺൫𝜇௜,𝜇௝൯ 

                      𝑒ቊି|ೝషೝ |́మ ቈ൬ఓ೔௠೔మା భഋ೔൰ାቆఓೕ௠ೕమା భഋೕቇ቉ቋ ௜,௝ୀଵ,ଶ               (4) 

where parameters 𝜇௜ , 𝜇௝ is considered the mass component 

in the connected condition. This mass differs from 𝑚௜, 𝑚௝, 
the masses of a free condition (rest mass). When determining 

the mass spectrum of a relativistic confined system, the 

constituent mass of the component, which differs from the 

mass of the source particle (i.e., the initial particle), is usually 

introduced. Specifically mentioned, at the exposition of a 

mass spectrum of confined particles such as hadrons 

consisting of quarks, the mass of valent and current quarks is 

usually introduced with variations that make them unique 

from one another. Then, 𝛺൫𝜇௜,𝜇௝൯ has the form [18]: 

𝛺൫𝜇௜,𝜇௝൯ =
𝑐௜𝑐௝ ׬ ׬ 𝛿𝑟௜ 𝛿𝑟௝𝑒ቊି଴.ହ׬ ௗఛቆఓ೔௥ሶ⃗೔ మ(ఛ )ାఓೕ௥ሶ⃗ೕ మ(ఛ )ቇ೟బ ቋ𝑒൛௎೔ೕൟ                (5) 

where 𝑐௜ , 𝑐௝ are normalization constant during the 

presentation of the Green function in the FPF, where we can 

present these normalizations in the form of  
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1 = 𝑐 ׬ 𝑑𝜈 𝑒׬ ௗఛ೘ഌమమ౪బఔ଴  (for details, see [26]), and the potential 

of interactions included in the last term, and reads: 

𝑈௜௝ =  (ିଵ)೔శೕ௚మଶ ׬ ׬ 𝑑𝜏ଵ𝑑𝜏ଶ୲଴௧଴ 𝑍ఈሶ  (𝜏ଵ)𝐷ఈఉ ቀ𝑍 ௜(𝜏ଵ) −𝑍 ௝(𝜏ଶ)ቁ𝑍ఉሶ  (𝜏ଶ) =  

 (ିଵ)೔శೕ௚మଶ ׬ ׬ 𝑑𝜏ଵ𝑑𝜏ଶ୲଴௧଴ ൬ ௥⃗|௥| + ௥ሶ⃗೔  (ఛ )௖ ൰ ൬ ௥⃗|௥| +
௥ሶ⃗ೕ  (ఛ )௖ ൰ ׬ ௗ௤(ଶగ)య ׬ ௗ௦ଶగାஶିஶ 𝐷ఈఉ ቀ𝑞⃗ଶ + ௦మ௖మቁ × 

× 𝑒ቄ௜௦ఛା೔ೞ೎ ൬௥೔బ(ఛభ)ି௥ೕబ(ఛమ)൰ା௜௤ሬ⃗ ൬௥⃗೔ (ఛభ)ି௥⃗ೕ (ఛమ)൰ቅ = 𝑈௜௝ଵ + 𝑈௜௝ଶ   (6) 

In the term 𝑈௜௝ଵ = −𝑈ଵଵଵ + 2𝑈ଵଶଵ − 𝑈ଶଶଵ ׬= 𝑑𝜏 ቀ𝑈(𝑟) + 𝛼׬ ௗ௞(ଶగ)మ௞మቁ௧଴  , the 𝑈ଵଶଵ corresponds to the 

contribution of one gluon exchange, 𝑈ଵଵଵ,𝑈ଶଶଵ where (i = j) 

(determines a renormalization of a mass operator, the term 𝑈௜௝ଶ gives only cross term, and addend is equal to zero. 𝑈(0) = 𝛼𝐺ி׬ ௗ௞(ଶగ)మ௞మ corresponds to the renormalization of 

the mass operator in nonrelativistic interaction behavior, 

parameter 𝑐 is the speed of light, and 𝛼 is the coupling 

constant of one gluon exchange.  

We suppose that in the initial moment, quarks are in the rest 

state and interact with each other only by colored field. For 

this specific case, we have Θ௜௝ = 1 + ௥⃗|௥|௖ ቀ𝑟ሶ⃗௜ (𝜏ଵ) − 𝑟ሶ⃗௝ (𝜏ଶ)ቁ +ଵ௖మ ቀ𝑟ሶ⃗௜ (𝜏ଵ)𝑟ሶ⃗௝ (𝜏ଶ)ቁ = 1. From 𝑟ఓ = (𝑐𝑡, 𝑟), 𝜏 ≡ 𝑖𝑡, 𝑟 =𝑟௜ (𝜏ଵ) − 𝑟௝ (𝜏ଶ), it follows that with the asymptotic behavior 

of 𝑈௜௝ must depend on 𝑡 in a linear way [18]. According to 

this, the dependence of 𝑟଴ is Euclidean time, and τ is the 

proper time of the composite particle, chosen as 𝑟଴ =𝑟ଵ଴(𝜏ଵ) − 𝑟ଶ଴(𝜏ଶ) = 𝑐(𝜏ଵ − 𝜏ଶ) = 𝑐𝜏, where 𝜏ଵ and 𝜏ଶ are 

considered the proper adequate time for composite particles 

1 (charm quark) and 2 (anticharm quark), respectively. The 

functional 𝛺൫𝜇௜,𝜇௝൯ contains 𝑈௜௝ potential and nonpotential 

interaction within the four-dimension spacetime in the 

Feynman path integral form, which resembles the behavior of 

two particles with masses µi , µj in nonrelativistic quantum 

mechanics. Hence, based on the above presentation of the 

propagator at |𝑟 − 𝑟 |́ → 0, the coupled state with the total 

mass 𝑀  of bounded particles with the rest masses mi , mj  is 

defined as the following 𝐺  ൫𝑟,𝑟 ห́𝜑(𝑟 )൯ = ௖௢௡௦௧|௥ି௥ |́ 𝑒ሼିெ |௥ି௥ |́ሽ. 
Therefore, the mass spectrum which depends on the coupling 

constant of strong interaction, satisfies the relation 𝑔 ≫ 1, 

with 𝑀 = (1.022𝑔)଴.ଶହ ൬׬ ቀௗ௞ଶగቁସ 𝐷෱(𝑘ଶ)𝑘ଶ൰଴.ଶହ
. The 

functional 𝛺൫𝜇௜,𝜇௝൯, which contain potential and 

nonpotential interactions at |𝑟 − 𝑟 |́ → 0, has the form 𝛺൫𝜇௜,𝜇௝൯ ≅ 𝑒൛ି|௥ି௥ |́ா೙൫ఓ೔,ఓೕ൯ൟ, where 𝐸ℓ൫𝜇௜,𝜇௝൯ is an 

eigenvalue of the Schrödinger equation 𝐻௧௢௧𝛹 = 𝐸ℓ൫𝜇௜,𝜇௝൯𝛹 

of two bounded particles with the total Hamiltonian 𝐻௧௢௧. 
Parameters 𝑚௜, 𝑚௝ are the current masses of interacting 

particles and 𝜇௜, 𝜇௝ are the constituent masses of interacting 

particles, i.e., the mass of particles inside the coupled state. 

Considering the above equations, we can explain that in QFT, 

the bound state of two scalar particles can be described using 

the polarization function, which is closely related to the 

propagator or Green's function of the scalar field. Hence, we 

can define the П(𝑟 − 𝑟 )́ ≅ 𝑒ሼିெ |௥ି௥ |́ሽ, at |𝑟 − 𝑟 |́ → 0 . 
Therefore, the mass spectrum of charmonium bound state 

reads 𝑀 = − 𝑙𝑖𝑚|௥ି௥ |́⟶ஶ ଵ|௥ି௥ |́  𝑙𝑛𝛱(𝑟 − 𝑟 )́. The mass of the 

confined state is determined based on the equation:  𝜇௜ଶ + 2𝜇௜ଶ ൬𝑚𝑖𝑛ఓ೔ 𝐸ℓ൰ = 𝑚௜  ଶ , and the steepest descent method 

is characterized as below: 

𝑀 = 𝑚𝑖𝑛ఓ೔,ఓೕ ൬௠೔మଶఓ೔ + ௠ೕమଶఓೕ + ఓ೔ାఓೕଶ + 𝐸ℓ൰                             (7) 

The temperature dependence of the gluon-exchange 

Coulombic term and string term in the charmonium bound 

state in the hot medium is typically incorporated through the 

Debye mass (𝑚஽) at the finite critical temperature 𝑇௖, here we 

use𝑑 𝑇௖ ≈ 220 𝑀𝑒𝑉. The critical temperature (the 

dissociation or melting temperature) represents the 

temperature at which charmonium bound states are 

significantly affected and start to separate into their 

constituent parts in a hot medium. The precise value of the 

critical temperature for the charmonium bound state depends 

on various factors, including the specifics of the theoretical 

model or approach used to describe the system. The specific 

techniques used to describe the bound states’ temperature 

dependence depend on the theoretical methods and models. 
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Here are a few commonly used formulas to calculate the 

thermal behavior and thermal effect on the system. Using Eq. 

(7), we explain that the bound state with a mass 𝑀 at the finite 

temperature in a hot medium: 1) can create or can be stable 

if  𝑀 <  ∞  and 𝑀 ≠  ∑ 𝜇௜௡௜ୀଵ , 2) the bound state cannot 

create, or it cannot be stable, and the scalar particles exist as 

two self-contained and unconnected states if  𝑀 <  ∑ 𝜇௜௡௜ୀଵ . 

Hence, we can present the critical mass value 𝑀௖ = ∑ 𝜇௜௡௜ୀଵ . 

 

3. The real and imaginary interaction potential 
 

Now, we will discuss the charmonium states closer to the 

hot thermal isotropic medium surrounded by photons, gluons, 

light quarks, and other fermions. We choose the Yukawa 

potential (the screened Coulomb potential) and suppose that 

the temperature of isotropic medium 𝑇 ≺ 𝑇௖; hence, the 

charmonium bound can exist under this condition, and quarks 

can be confined. The corresponding total Hamiltonian 𝐻 =𝐻௡௣ + 𝐻௣ describes the system. 𝐻௡௣ is the Hamiltonian 

characterizing the charmonium quarks in the vacuum state 

and relativistic behavior of interactions, 𝐻௡௣ = 𝐻௡௥௘௟ +𝐻௠௘ௗ+𝐻௥௘௟ + 𝐻௜ + 𝐻௙ is the interaction Hamiltonian 

between the charmonium quarks and particles of the thermal 

isotropic medium, and the relativistic interactions, imaginary 

potential, and field interactions (we choose all interaction 

terms that do not contain a quadratic form of canonical 

variables based on normal ordering methods). Now, based on 

the Matsubara propagator and 𝐷ఈఉ⌊ఈୀఉୀ଴ = ିଵ௣మା௠ವమ +𝑖 గ௠ವమ ்|௣|൫௣మା௠ವమ ൯మ , the real-time boson propagator [10], the 

definition of the green’s function 𝐺 (𝑡, 𝑟ଵ; 𝑡, 𝑟ଶ)~𝑒ି௜௧௎(௥భି௥మ),𝑟 = 𝑟ଵ − 𝑟ଶ within the Coulomb-Yukawa type potential with 

the real part of Coulomb term ቀ− ௚మସగ (𝑚஽ + ௘ష೘ವೝ௥ )ቁ and the 

string term potential ൬2𝜎( ଵ௠ವ + ௘ష೘ವೝିଵ௥௠ವమ )൰, and also with 

imaginary part Ξ(𝑚஽𝑇) at asymptotic limit 𝑡 → ∞ reads: 

𝐺 (𝑡, 𝑟ଵ, 𝑟ଶ) = 𝑒ቄ೔మ׬׬ௗ௥భௗ௥మ௃ഀ(௥భ)஽ഀഁ(௥భି௥మ)௃ഁ(௥మ)ሖ ቅ උ ഀసഁసబඏ  ~𝑒௜௧ቊି೒మరഏ൤௠ವା೐ష೘ವೝೝ ൨ାଶఙቈ భ೘ವା೐ష೘ವೝషభೝ೘ವమ ቉ቋ𝑒ሼஆ(௠ವ்)௧ሽ                    (8) 

where 𝑔 is a magnitude scaling constant, i.e., is the amplitude 

of potential, 𝑚஽ is the Debye screening mass, and Ξ(𝑚஽𝑇) is 

the imaginary part of the interaction function that describes 

the damping of the in-isotropic medium charmonium bound 

state’s propagator at long (with 𝜎 coupling constant) [21] and 

short distances (with 𝛼 coupling constant) [10]. Hence it 

becomes (𝑎 = 𝑝 /𝑚஽): Ξ(𝑚஽𝑟) = Ξ௦௛௢௥௧(𝑚஽𝑟) + Ξ௟௢௡௚(𝑚஽𝑇) = −𝑔ଶ𝑇4𝜋 𝜃(𝑚஽𝑇) + 2𝜎𝑇𝑚஽ଶ  𝜉(𝑚஽𝑇) = −௚మ்ଶగ ׬ ௔ௗ௔(௔మାଵ)మ ቂ1 − ୱ୧୬(௔௠ವ௥)௔௠ವ௥ ቃஶ଴ +ସఙ்௠ವమ ׬ ௗ௔௔(௔మାଵ)మ ቂ1 − ୱ୧୬(௔௠ವ௥)௔௠ವ௥ ቃஶ଴                             (9) 

where 𝑝 is the four-momentum of the scalar particle [21]. 

After carrying out the integration over parameter a, the 

contribution arising from the short-distance term to the 

imaginary part becomes (for more details, see Appendix A):  Ξ(𝑚஽𝑟) = −௚మ்ଶగ ቀగమ଼ 𝑒ି|௠ವ௥|ቁ + ସఙ்௠ವమ ቀగమଵ଺ 𝑒ି|௠ವ௥|ቁ           (10) 

As we described in the previous section, using Eq. (6), one 

obtains the potential of interaction corresponding to the 

isotropic medium modifications to the electrostatics, and the 

string term becomes as follows: 

𝑈(𝑟) = ௚మ(ଶగ)య ׬ 𝑑𝑞(1 − 𝑒௜௣∙௥) ൤ ଵ௣మା௠ವమ − 𝑖 గ௠ವమ ்|௣|൫௣మା௠ವమ ൯మ൨ =
−௚మସగ ቂ𝑚஽ + ௘ష೘ವೝ௥ ቃ + 2𝜎 ൤ ଵ௠ವ + ௘ష೘ವೝିଵ௥௠ವమ ൨ + 𝑖Ξ(𝑚஽𝑇)     (11) 

The function Ξ(𝑚஽𝑇) for 𝑟 = 0 vanishes and 𝑟 → +∞ 

increases monotonously, and for the charmonium bound state 

at 𝑟 → +∞, lim𝛯(𝑚஽𝑇) = 1. The damping effect in Eq. (6) 

is characterized by the damping function Ξ(𝑚஽𝑇) and 

damping factor 𝛾 = ௚మ்ସగ Ξ(𝑚஽𝑇), and is one of the primary 

behaviors and effects of the thermal environment (isotropic 

medium) on charmonium bound states. The thermal 

environment (isotropic medium) can decrease charmonium 

bound state amplitude, leading to energy loss in their motion 

and reducing charmonium bound state resonance and 

oscillations. The charmonium bound state in a thermal 

isotropic medium, such as a quark-gluon plasma, based on 
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isotropic medium temperature above or below 𝑇௖ = (150 −220) 𝑀𝑒𝑉, can be confined or deconfined. Hence, the 

properties of charmonium states can be modified due to 

interactions with the surrounding particles, such as light 

fermions and gluons, under thermal conditions. The 

minimum temperature for charmonium states is expected to 

be 𝑇௠௜௡ ≈ (180 − 240) 𝑀𝑒𝑉. Therefore, one of the effects 

of the thermal environment (isotropic medium) on 

quarkonium states is the damping of their oscillations, which 

is characterized by a damping factor 𝛾. The 𝛾 is a quantity 

that describes the rate at which the fluctuations and 

oscillations of the charmonium bound state decay due to 

Hamiltonian interactions 𝐻௜௡௧ି௥௘௟ with the thermal 

environment. The Hamiltonian interactions with the thermal 

isotropic medium are related to the imaginary part of the 

energy of the charmonium state, which describes the decay 

width, lifetime, damping rate, scattering rate, and spectral 

properties [10]. Hence, the Hamiltonian interactions consist 

of interactions with the surrounding particles in an isotropic 

medium and relativistic interactions of constituent particles in 

the bound states.  

In this research, we consider a thermal environment with 

the condition 𝑇 < 𝑇௖, where we use 𝑇௖ ≈ 200 𝑀𝑒𝑉. 

Therefore, the charmonium interaction in an isotropic 

medium with an effective potential can lead to a stable bound 

state. The effective potential for quarkonium states in a 

thermal isotropic medium includes both the imaginary and 

the real parts of the potential interaction. The effective 

potential 𝑈(𝑟) refers to the potential energy felt by the charm 

and anticharm quarks (the constituent particles) that form the 

charmonium bound state. The effective potential 𝑈(𝑟) can be 

mediated by strong interaction, strong nuclear energy, or 

external electromagnetic energy. It plays an important role in 

describing the behavior of the confined state. Hence, the 

Hamiltonian reads: 

Hint-rel = H0 + Hi + Hmed + Hrel + HLS + HSS + HT + Hf         (12) 

where 𝐻଴ is nonrelativistic Hamiltonian, 𝐻௅ௌ is spin-orbit 

interactions, 𝐻ௌௌ is spin-spin interactions, 𝐻் is tensor 

interactions, and 𝐻௥௘௟ is the nonperturbative relativistic 

interaction. The Eq. (12) is defined by: 

𝐻௥௘௟ = 𝑈(𝑟) ቈቀ1 + ℓ(ℓାଵ)(ଶℏ௖௥ఓ)మቁିభమ − 1቉, where 𝑈(𝑟) is one 

gluon exchange potential and Hi is the imaginary potential in 

the strong interaction. The imaginary potential arises from the 

absorption or emission of bosons by the quark in the bound 

states (constituent quarks), which leads to the creation of 

quarkonium and is related to the decay width and self-

coupling energy of the state. The Hamiltonian provides 

insights into the properties of the quark-antiquark confined 

conditions in dense and high-thermal energy conditions 

(isotropic medium), such as quark-gluon plasma and the core 

of stars. Given this, we have received the nonperturbative 

contribution to the Hamiltonian of interaction, which is 

connected to the relativistic aspect of a confined system 

[22,23]. As we know, the real term of Yukawa-type potential 

with the scalar and vector terms in the hot isotropic medium 

is given by [24,25]. 

𝑈(𝑟) = −௚మସగ ቂ𝑚஽ + ௘ష೘ವೝ௥ ቃ + 2𝜎 ൤ ଵ௠ವ + ௘ష೘ವೝିଵ௥௠ವమ ൨ =𝑈௩(𝑟) + 𝑈௦(𝑟)                                    (13) 

where 𝑈௦(𝑟) = 𝜀𝑈௩(𝑟),−1 ≼ 𝜀 ≼ 1, 𝑉଴ = 𝛼𝑍, 𝑍 is the 

atomic number, 𝛼 is the fine structure constant, and 𝜀 = ௎ೞ(௥)௎ೡ(௥) 
is a constant. Hence, the total Hamiltonian of the charmonium 

bound state within the hot isotropic medium reads: 𝐻௧௢௧ = ඥ𝑚ଵଶ + 𝑝ଶ + ඥ𝑚ଶଶ + 𝑝ଶ  − ௚మସగ ቂ𝑚஽ + ௘ష೘ವೝ௥ ቃ +
2𝜎 ൤ ଵ௠ವ + ௘ష೘ವೝିଵ௥௠ವమ ൨ + 𝑖Ξ(𝑚஽𝑇)  − 𝑈௩ ቎ ଵටଵାℓ(ℓశభ)ೝమ೎మ − 1቏ +
ଵ௥ ቂቄ ଵఓభమ + ଵఓమమ + ସఓభ ఓమ ቅ (𝐿𝑆)ା + ቄ ଵఓభమ − ଵఓమమቅ (𝐿𝑆)ିቃ డ௎ೡ(௥)డ௥ −ଵସ௥ ቂቄ ଵఓభమ + ଵఓమమቅ (𝐿𝑆)ା + ቄ ଵఓభమ − ଵఓమమቅ (𝐿𝑆)ିቃ డ௎ೞ(௥)డ௥  

+ ଵଵଶఓభ ఓమ [(𝑆ଵ𝑆ଶ)∆𝑈௩(𝑟)] + ଵଵଶఓభ ఓమ ቂଵ௥ డ௎ೡ(௥)డ௥ − డమ௎ೞ(௥)డమ௥ ቃ 𝑆ଵଶ (14) 

where µ1 and µ2 are the constituent mass of quarks, S1, S2 are 

the spin of quarks, and  𝑆± = 𝑆ଵ ± 𝑆ଶ  , 𝑗 = ℓ + 𝑆, 

 𝑆ଵଶ = ସ(ଶℓାଷ)(ଶℓିଵ) ቀ𝐿ଶ𝑆ଶ − ଷଶ (𝐿𝑆) − 3(𝐿𝑆)ଶቁ  

(𝐿𝑆) = ଵଶ ൫𝑗(𝑗 + 1) − 𝑆(𝑆 + 1) − ℓ(ℓ + 1)൯  
(𝑆ଵ𝑆ଶ) = ଵଶ ൫𝑆(𝑆 + 1) − 𝑆ଵ(𝑆ଵ + 1) − 𝑆ଶ(𝑆ଶ + 1)൯  
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Thus, we have obtained all the nonperturbative components 

to the total Hamiltonian of charmonium interaction in the hot 

isotropic medium below the critical temperature 𝑇 < 𝑇௖ of 

deconfinement. As presented in Eqs. (7) and (10), we can find 

the magnitude of the effect of the charmonium bound state’s 

transmission and also determine the behavior of the damping 

factor 𝛾 using an imaginary potential term in a hot isotropic 

medium. These properties have been connected with the 

relativistic nature of a system in a hot isotropic medium. We 

have explained the time relation between Euclidean and our 

own time charmonium and defined additional associations of 

interaction. It is clear that the nonperturbative factor is 

connected to driving quarks rather than each other; therefore, 

in a nonrelativistic limit, this interaction is absent. Thus, the 

nonperturbative factor and imaginary term of the potential 

part are connected to the relativistic nature of a system and 

hot isotropic medium. 

 

4. Real and imaginary energy eigenvalue in a thermal 
medium  

 

We now consider the Bethe-Salpeter equation, or Eq. (1), 

in the fourth order of momentum for a bound state of two 

particles m1, m2 in a potential field V(r) transformed into a 

canonical variable at a higher order by the method of 

conversion of symplectic space. When scientifically studying 

bound states, the mechanism of quantum mechanics and 

quantum field theory, relativistic modifications, and 

corrections are of great interest and importance. The Bethe-

Salpeter equation is used to explain the bound states 

interaction of quantum systems. This equation mainly 

describes relativistic processes and the behavior of 

interactions. Relativistic effects are accounted for by 

including relativistic energy and expanding the term ඥ𝑚 ଶ + 𝑝௥ଶ in powers of  ௣ೝమ௠  as follows: 

ඥ𝑚 ଶ + 𝑝௥ଶ ≈ 𝑚 + ௣ೝమଶ௠ − ௣ೝమ.௣ೝమ଼௠ + ⋯ = 𝑚− ଵଶ௠𝛥௥ + ଵ଼௠ 𝛥௥ ∙𝛥௥ = 𝑚 − ଵଶ௠ ቀ ௗమௗ௥మ + ௡ିଵ௥ ௗௗ௥ቁ + ଵ଼௠ ቀ ௗమௗ௥మ + ௡ିଵ௥ ௗௗ௥ቁ ቀ ௗమௗ௥మ + ௡ିଵ௥ ௗௗ௥ቁ     (15) 

then reducing the series to the higher order contribution 

(fourth and sixth), which allows solving the Bethe-Salpeter 

equation using the condition: 𝜀଴(𝐸) = 𝑚𝑖𝑛ఠ,ఘ 𝜀଴(𝐸,𝜔,𝜌) = (𝐻௧௢௧ + 𝑈௧௢௧ − 𝐸)𝛹(𝑟) = 0      (16) 

where 𝜀଴(𝐸) is the ground state energy of the bound state 

systems based on the modified Schrödinger equation. Hence, 

the modified Bethe-Salpeter equation based on the expanding 

powers of  ௣ೝ ௠   is known as the relativistic Schrödinger equation. 

This modification defines the form of wavefunction, mass 

spectra, and eigenvalue of ground and excited energies.  

Now, we can evaluate and compute the relativistic 

improvements for hadronic bound states to higher order using 

the relativistic Schrödinger equation to convert symplectic 

space and perturbation techniques. The symplectic space 

presents and links the methods of quantum theory and quantum 

field theory of bound states. The quantized field, being a set of 

an infinite number of oscillators, describes and models ground 

or vacuum states. These oscillators retain their oscillating 

character in quantum field theory. Studies have demonstrated 

that in quantum mechanics theory, the wavefunction of bound 

states in interaction fields differs from the Gaussian 

characteristics. Hence, to apply the ideas of quantum field 

theory into practice and to solve bound states problems, the 

canonical variables in Eq. (1) should be converted to 

symplectic space. This transformation gives us a new equation 

that exhibits Gaussian behavior and a Gaussian solution for 

bound state interactions. In this paragraph, according to the 

interaction conditions, we do not consider the interaction very 

strong. We ignore the relativistic masses of particles 𝜇௜ , and 

enter the rest mass of the particles 𝑚௜ , then Eq. (1) reads: 

𝜀଴(𝐸) = ቌ ଵଶఓ 𝑝௥ଶ −  ଵ଼ఎ 𝑝௥ଶ. 𝑝௥ଶ  − ௚మସగ ቂ𝑚஽ + ௘ష೘ವೝ௥ ቃ + 2𝜎 ቂ ଵ௠ವ +
௘ష೘ವೝିଵ௥௠ವమ ቃ + 𝑖Ξ(𝑚஽𝑇) − 𝑈௩ ቎ ଵටଵାℓ(ℓశభ)ೝమ೎మ − 1቏ + ଵ௥ ቂቄ ଵ௠భమ + ଵ௠మమ +
ସ௠భ ௠మ ቅ (𝐿𝑆)ା + ቄ ଵ௠భమ − ଵ௠మమቅ (𝐿𝑆)ିቃ డ௎ೡ(௥)డ௥ − ଵସ௥ ቂቄ ଵ௠భమ + ଵ௠మమቅ (𝐿𝑆)ା +ቄ ଵ௠భమ − ଵ௠మమቅ (𝐿𝑆)ିቃ డ௎ೞ(௥)డ௥ + ଵଵଶ௠భ ௠మ [(𝑆ଵ𝑆ଶ)∆𝑈௩(𝑟)] +
ଵଵଶ௠భ ௠మ ቂଵ௥ డ௎ೡ(௥)డ௥ − డమ௎ೞ(௥)డ ௥మ ቃ 𝑆ଵଶ − 𝐸 ቍ𝛹(𝑟) = 0                    (17)  
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where ଵఓ = ଵ௠భ + ଵ௠మ , ଵఎ = ଵ௠భయ + ଵ௠మయ. Then, we use the form of 𝑟 = 𝑞ଶఘ, 𝑝௥ଶ = ௤మషరഐସఘమ 𝑝௤ଶ, 𝛹(𝑟)= 𝑞ଶఘℓΦ(𝑞ଶఘℓ) as a symplectic 

transformation of canonical variables from 𝑅௡ 𝑡𝑜 𝑅ௗ: 𝛥௥ =ௗమௗ௥మ + ௡ିଵ௥ ௗௗ௥ →  𝛥௤ = ௗమௗ௤మ + ௗିଵ௤ ௗௗ௤. Variable 𝑞ଶఘ is a vector 

in the new symplectic 𝑑-dimensional space, where 𝑑 = 2 +2𝜌 + 4𝜌ℓ. So Eq. (17) is defined as follows: 

 𝜀଴(𝐸) = ൬ ଵଶఓ ௤మషరഐସఘమ 𝑝௤ଶ௡ −  ଵ଼ఎ ௤మషరഐ(ସఘమ)మ 𝑝௤ଶ௡. ቀ ଵ௤రഐషమ 𝑝௤ଶ௡ቁ  −
௚మସగ ൤𝑚஽ + ௘ష೘ವ೜మഐ௤మഐ ൨ + 2𝜎 ൤ ଵ௠ವ + ௘ష೘ವ೜మഐିଵ௠ವమ ௤మഐ ൨ + 𝑖Ξ(𝑚஽𝑇) +𝑈௔௟௟  − 𝐸൰𝛹(𝑞ଶఘ) = 0                                                 (18) 

 

Now, based on the normal ordering method, we can define 

new canonical variables 𝑝௤ଶ and 𝑞ଶ௡ using the creation (𝑎ොற =ଵ√ଶ௠ఠ (𝑚𝜔𝑞ො − 𝑖𝑝̂) = ଵ√ଶ௠ఠ ቀ𝑚𝜔𝑞ො − డడ௤ොቁ) and the 

annihilation (𝑎ො  = ଵ√ଶ௠ఠ (𝑚𝜔𝑞ො + 𝑖𝑝̂) = ଵ√ଶ௠ఠ ቀ𝑚𝜔𝑞ො + డడ௤ොቁ) 

operators of the quantum harmonic oscillator system, this 

quantum system has the frequency 𝜔 and these operators in 

the natural unit (ℏ = 𝑐 = 1) are described as follows: 

 𝑞ොଶ௡ = 𝜔ି௡ ୻(೏మା௡)୻(೏మ) + 𝑛𝜔ଵି௡ ୻(೏మା௡)(೏మାଵ) :𝑞ොଶ: +𝜁(𝑞ොଶ)  

 𝑝௤ଶ௡  = 𝜔௡ ୻(೏మା௡)୻(೏మ) + 𝑛𝜔௡ିଵ ୻(೏మା௡)(೏మାଵ) :𝑝௤ଶ: +𝜁(𝑝̂ଶ)  

where 𝜁(𝑞ොଶ) and 𝜁(𝑝̂ଶ) are the illustration of the total 

Hamiltonian in the normal ordering form. Then Eq. (18) for 

the Yukawa type potential becomes: 

𝜀଴(𝐸) = ൬ ଵଶఓ ௤మషరഐସఘమ 𝑝௤ଶ −  ଵ଼ఎ ௤మషరഐ(ସఘమ)మ 𝑝௤ଶ. ቀ ଵ௤రഐషమ 𝑝௤ଶቁ  − ௚మସగ ൤𝑚஽ +
௘ష೘ವ೜మഐ௤మഐ ൨ + 2𝜎 ൤ ଵ௠ವ + ௘ష೘ವ೜మഐିଵ௠ವమ ௤మഐ ൨ + 𝑖Ξ(𝑚஽𝑇) + 𝑈௔௟௟  −𝐸൰𝛹(𝑞ଶఘ) = 0                                     (19)  

As described above, 𝜀଴(𝐸) is the free oscillator 

Hamiltonian within the potential interaction, i.e., 𝐻 = 𝐻଴ +𝐻௜+𝜀଴(𝐸). According to the normal ordering method in a 

quantum oscillating system and the projective unitary 

representation of the symplectic group, the interaction 

Hamiltonian 𝐻௜ in Eq. (12) contains all non-square parts of 

canonical variables. Therefore, we determined the 

Hamiltonian with 𝐻଴ = 𝜔(𝑎ොା𝑎ොି) is the energy of the pure 

oscillator, 𝐻௜ is the energy the interaction between the 

Hamiltonian, and 𝜀଴ is the minimum energy of the bound state 

system. Relation 𝜀଴(𝐸) = 𝑚𝑖𝑛 ∗𝛹଴׬ 𝐻෡𝛹଴𝑑𝑞 = 0 determines 

the energy levels in the zeroth approximation based on the 

projective unitary representation. Eq. (19) shows the 

expression for the ground state energy 𝜀଴ and it contains of 

the contribution potential field interaction 𝜀௙, spin-orbit 

interactions 𝜀௅ௌ, spin-spin interactions 𝜀ௌௌ, tensor interactions 𝜀், and relativistic interactions 𝜀௥௘௟, as well as all other 

perturbative interactions and reads 𝜀଴(𝐸) = 𝜀଴ + +𝜀௙ +𝜀௅ௌ + 𝜀ௌௌ + 𝜀் + 𝜀௥௘௟+⋯.  
Now, we try to define the mass spectra of the charmonium 

bound state in the Yukawa type potential with the real and 

imaginary terms within the hot isotropic medium in the 

ground state ℓ = 0. For simplicity, we neglect 𝑝௤ଶ.𝑝௤ଶ and all 

relativistic and spin interactions 𝑈௔௟௟. Next, using lower-order 

of approximation 𝑒ି௠ವ௥  = ∑ ቀ(ି௠ವ௥)೔௜! ቁ = 1 −ஶ௜ୀ଴ 𝑚஽𝑟 +ଵଶ𝑚஽ଶ𝑟ଶ + ⋯  and based on the described relation in Appendix 

A, Eq. (19) is presented as follows: 

𝜀଴(𝐸) = ௗఠସ + 4𝜇𝜌ଶ𝑞ସఘିଶ ൬− ௚మସగ ቂ𝑚஽ + ଵ௤మഐ ቀ1 −𝑚஽𝑞ଶఘ +
௠ವమ ௤రഐଶ ቁቃ + 2𝜎 ൤ ଵ௠ವ − ଵ௠ವమ ௤మഐ + ଵ௠ವమ ௤మഐ ቀ1 −𝑚஽𝑞ଶఘ +
௠ವమ ௤రഐଶ ቁ൨ + 𝑖 ൤− ௚మగ ்ଵ଺ (1 −𝑚஽𝑞ଶఘ) + ఙగమ்ସ௠ವమ (1 −𝑚஽𝑞ଶఘ)൨ −𝐸൰𝛹(𝑞ଶఘ) = 0                       (20) 

Then after simplifying all terms, we consider the ground 

state of systems by examining the conditions of the normal 

ordering method (oscillator representation method) and using 

conditions 𝐸(𝜔,μ,ρ) = 𝑚𝑖𝑛ఠ 𝜀଴(𝐸), 𝜔 = 𝑚𝑖𝑛ఠ ௗா(ఠ,μ,ρ)ௗఠ , and 𝜌 ≅ 𝑚𝑖𝑛ఘ 𝐸(𝜔,μ,ρ), the energy eigenvalue 𝐸, oscillator 

frequency 𝜔, and variation parameter 𝜌 of the charmonium 

bound state become [26]: 

𝐸 = ୻(ଶାଶఘାଶఘℓ)଼ఓఘమ୻(ଷఘାଶఘℓ)𝜔ଶఘ − ௚మସగ ୻(ଶఘାଶఘℓ)୻(ଷఘାଶఘℓ)𝜔ఘ −ቂ௚మ଼గ𝑚஽ଶ − 𝜎ቃ ୻(ସఘାଶఘℓ)୻(ଷఘାଶఘℓ)𝜔ିఘ +𝑖 ቂ௚మగ௠ವ ்ଵ଺ −
ఙగమ்ସ௠ವ ቃ  ୻(ସఘାଶఘℓ)୻(ଷఘାଶఘℓ)𝜔ିఘ + 𝑖 ൤− ௚మగ ்ଵ଺ + ఙగమ்ସ௠ವమ ൨ = 𝐸௥ + 𝑖𝐸௜      (21) 
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and using 𝜔 = 𝑚𝑖𝑛ఠ 𝐸(𝜔,μ,ρ) and minimizing the equation (𝑧 = 𝜔భమ): 

୻(ଶାଶఘାଶఘℓ)ସఓఘమ 𝜔ଷఘ − ௚మ୻(ଶఘାଶఘℓ)ସగ 𝜔ଶఘ − ቂ௚మ଼గ𝑚஽ଶ − 𝜎ቃ Γ(4𝜌 +2𝜌ℓ) − 𝑖 ቂ௚మగ௠ವ ்ଵ଺ − ఙగమ்௠ವ ቃ Γ(4𝜌 + 2𝜌ℓ) = 0      (22) 

and then the frequency of the charmonium bound state 

becomes 𝜔ఘ = ଶ௚మఓఘమଷగ ୻(ଶఘାଶఘℓ)୻(ଶାଶఘାଶఘℓ) . 
 

The reduced mass µ is defined using equation  𝜇௜ = ට𝑚௜  ଶ − 2𝜇ଶ ௗா(ఠ,μ,ρ)ௗఓ  and µi = 2µi; then it is determined 

by Eq. (23). 

𝜇 = ଵଶ ቀ𝑚௜ଶ + ୻(ଶାఘାଶఘℓ)ସఓఘమ୻(ଷఘାଶఘℓ)ቁଵ/ଶ
                    (23) 

The variation parameter 𝜌 is a different value and depends 

on the potential type. For the ground and excited states, it can 

be defined by minimizing conditions of energy that are 

approximately defined by reducing the bound state oscillator 

frequency. Using the digamma function ቀΨ(𝑥) = ௗ(௟௡୻(୶) )ௗ௫) =
୻ᇲ(௫)୻ (௫)ቁ and condition of minimum frequency, we obtain the 

equation for determining the variation parameter 𝜌 from the 

equation: 

ଶఘ − (2 + 2ℓ)Ψ(2𝜌 + 2𝜌ℓ) + (1 + 2𝜌ℓ)Ψ(2 + 𝜌 + 2𝜌ℓ) −(3 + 2𝜌ℓ)Ψ(3𝜌 + 2𝜌ℓ) + (4 + 2𝜌ℓ)Ψ(4𝜌 + 2𝜌ℓ) = 0      (24) 

Based on 𝜌 = 𝑚𝑖𝑛ఘ 𝜔(ρ,ℓ), which is determined by Eq. 

(24): ℓ 0 1 2 3 4 

ρ 0.7178 0.7134 0.7116 0.7106 0.7099 

Then, from Eq. (21), 𝐸 = 𝐸௥ + 𝑖𝐸௜, the real (𝐸௥), and the 

imaginary (𝐸௜) energy eigenvalues in the d-dimensional 

auxiliary symplectic space Rd  are defined. So, the imaginary 

and real parts of the energy eigenvalue in the ground state 

become: 𝐸௥ = − ସఓఘమ௚మ୻(ଶఘ)ଽగ ୻(ଷఘ)୻(ଶାଶఘ) + ቂ௠ವమଶ − ସగ௚మ 𝜎ቃ ୻(ସఘ)୻(ଶାଶఘ)୻(ଷఘ)୻(ଶఘ)        (25) 

𝐸௜ =  గସ் ൤௚మ  ସ − ఙగ ௠ವమ ൨ ቀ ଷగ௠ವଶఓఘమ௚మ ୻(ସఘ)୻(ଶାଶఘ)୻(ଷఘ)௰(ଶఘ) − 1ቁ                     (26) 

Then, the mass spectra and the constituent mass of the 

charm can be calculated and defined as a finite lifetime and 

decay width at a finite temperature in an isotropic thermal 

medium. Hence, we utilized the relativistic mass contribution 

to calculate the bound state energy eigenvalue.  

In  Section 4, we used the transformation of two Symplectic 

intertwined spaces and defined all operators in the form of the 

normal ordering techniques. We defined the energy 

eigenvalue without the relativistic mass contribution. Now, 

using the definition and equations in Section 2, using the 

Feynman path integral method and the quantum field theory 

of high temperature environment, one can define the 

approximation form of ඥ𝑝ଶ + 𝑚଴ଶ ≅ ଵଶ𝑚𝑖𝑛ఓ೔ ൬𝜇௜ + ௣మା௠బమఓ೔ ൰ for 

the creation of bound states. This approach gives us the 

solutions to the quantized energy values within the real and 

imaginary potential components of interaction between 

particle-antiparticle or particle-particle systems at finite 

temperatures. As described and explained in the above 

section, the decay width (ionization rate or transition 

probability) of an excited electron in the atom or dissipation 

rate for hadronic states based on a complex potential function 

can be calculated. So, the finite lifetime and the decay width 

were calculated and are presented in Table 1 for the ground 

and excited states at finite temperature with the critical 

temperature 𝑇௖ ≈ 220 𝑀𝑒𝑉.  

The experimental data is taken from [27], and the 

theoretical data are taken from [28,29]. 

A brief explanation of real and imaginary parts of Eq. (21) 

is given below. As we presented above, the charmonium 

bound state energies and potential interaction have the 

complex forms 𝑈 = 𝑈௥ +  𝑖𝑈௜ and 𝐸 = 𝐸௥ +  𝑖𝐸௜ in quantum 

mechanics. The imaginary part of the potential 𝑈௜: (1) 

dominates at large distances where a larger 𝑈௜ leads to a larger |𝐸௜| and a shorter lifetime τ, (2) causes the bound state to 

decay more rapidly, and (3) determines the stability of the 

bound state and the binding energy. Hence, it describes the 

dissolution of unstable bound states like charmonium and 

bottonium at high temperatures 𝑇 ≻ 2.07𝑇௖. The imaginary 

part 𝐸௜ is related to the finite lifetime 𝜏 of unstable states and 

the decay width by relation,  
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Table 1. Mass spectrum of charmonium bound state, the constituent mass of charm quark at finite temperature in the unit of 𝐺𝑒𝑉, the 
finite lifetime (𝜏 = ℏா೔) in the unit 10ିଵ଴𝑠, and the decay width (Γ = |−2𝐸௜|) in the unit of 𝐺𝑒𝑉. 

 𝑻 0.01 0.02 0.06 0.13 0.16 0.19 0.20 𝑴𝒕𝒆𝒐. 
[28,29] 

𝑴𝒆𝒙𝒑. 
[27] 

𝒍 = 𝟎 

𝑴 (𝑴𝒄 = 𝟐.𝟖𝟒𝟓) 
3.082 3.078 3.062 3.033 3.020 3.007 3.003 

3.096 

3.096 
3.096 𝝁𝒊  1.433 1.433 1.433 1.433 1.433 1.433 1.433 - - 𝝉 3.975 3.725 3.350 3.280 3.347 3.460 - - - 𝚪 0.806 0.860 0.957 0.977 0.958 0.926 - - - 

𝒍 = 𝟏 

𝑴 (𝑴𝒄 = 𝟐.𝟗𝟕𝟓) 
3.348 3.344 3.340 3.301 3.289 3.277 3.272 

3.255 

3.521 
3.525 𝝁𝒊  1.426 1.426 1.426 1.426 1.426 1.426 1.426 - - 𝝉 3.898 3.629 3.468 3.099 3.143 3.230 - - - 𝚪 0.822 0.883 0.924 1.034 1.020 0.992 - - - 

 

 Γ = 𝑑𝑟ห𝛹 ௡(𝑟)หଶ𝑈௜׬ = = 𝑑𝑟ห𝛹 ௡(𝑟)หଶΞ(𝑚஽𝑇)׬ = − 2𝐸௜   (27) 

This equation describes the rate at which the state decays in 

a bound state. The imaginary part of energy eigenvalue 𝐸௜ 
for the 𝑛-th states, the bound state wavefunction 𝛹௡ is defined 

by the calculation of the expectation value 𝐸௜  =  ⟨𝛹௡|𝑖𝛤|𝛹௡⟩. 
The real part 𝐸௥ corresponds to the binding energy of a bound 

state. A larger value of |𝐸௜| corresponds to a shorter lifetime 

and larger decay width. 𝐸௜ in the long-distance behavior of a 

system in the thermal isotropic medium is the real part of the 

energy eigenvalue, which is reduced to the Coulomb-

Yukawa-like potential energy eigenvalue. At short distances, 

the behavior of the confined state in the thermal isotropic 

medium is perturbative to the zero or vacuum state, and using 

this condition, we can determine a resonance state of the 

hadronic bound state and the width for a resonance state. 

Contrary to short and large distances, the interaction behavior 

is challenging to explain at the intermediate distance. In the 

intermediate range, where 𝑟𝑚஽ ≈ 1, the interaction does not 

appear more straightforward compared to the asymptotic 

limits, and we do not present it here (for more details, see 

[21]). For the running interaction in Eq. (20), we define the 

temperature dependence of the Deby mass and string 

coefficient in the symplectic intertwined spaces 𝑅ௗ and 

including the lower temperatures close to 𝑇௖ ≈ 220 𝑀𝑒𝑉. 

Due to the importance of the dimensionless ratio 
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Fig. 1. The dimensionless ratio ௠ವ ்  (up) and ௠ವ ఋ  as a function of 
temperature (down) for the charmonium confined state in the ground 
state (ℓ = 0) close to 𝑇௖ ≈ 220 𝑀𝑒𝑉. The experimental mass value 
of charmonium is 3.096 𝑀𝑒𝑉, ℓ = 0, and 3.525 𝑀𝑒𝑉, ℓ = 1. 
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of the hadronic bound state, we plot those ratios versus 

temperature for the ground state in Fig. 1.  

As it is commonly understood and widely known, the 

imaginary part of the potential interaction 𝑈௜ for a bound state 

at finite temperature can have a significant impact in 

describing various phenomena at high energy physics. 

Mainly, it is associated with the effects of decay and 

dissociation of the system in a thermal medium. Hence, the 

constituent particle of bound states can interact with other 

quarks, antiquarks, and gluons in the thermal environment, 

leading to deconfining processes. Interactions with the 

surrounding particles can be described by imaginary 

components to the potential and energy eigenvalue as 

presented in Eqs. (26) and (27), which are related to the finite 

lifetime of the charmonium state due to its interactions with 

the medium. The description of 𝑈௜ and 𝐸௜, including the 

effects of decay and dissociation, requires the specific 

advanced theoretical framework and computational methods, 

such as effective field theories and lattice quantum-

chromodynamics approaches.  

 Calculation of these imaginary parts is important in high 

energy hadron physics. It is an active area of research in 

particle physics, and ongoing studies continue to refine our 

understanding of strong interactions and exotic bound states. 

Using the above equations, the variation of the real 𝐸௥ and 

imaginary 𝐸௜ energy eigenvalues, and also the imaginary term 

of potential interaction 𝑈௜  for the charmonium bound state in 

the ground state (ℓ = 0) and the first excited (ℓ = 1) states in 

the isotropic medium at a finite temperature close to 𝑇௖ ≈220 𝑀𝑒𝑉 are determined and plotted in Fig. 2.  

According to Fig. 3 and based on the theoretical results of 

interaction in the thermal isotropic medium presented in the 

symplectic 𝑑-dimensional space, the negative potential 

regions indicate the separation of two particles. In other 

words, in this region, the bound states will be on the threshold 

of overcoming the confirming potential so that a decrease in 

the absolute value of 𝑈௜ will result in the charmonium bound 

states being no longer bound (𝑀 ≺ 𝑀௖ = ∑ 𝜇௜௡௜ୀଵ ), i.e., 𝑇 ≽ 300𝑀𝑒𝑉. 

 

Fig. 2. The real 𝐸௥ and imaginary 𝐸௜ part of the energy eigenvalues 
for the ground ℓ (ℓ = 0)  and the first excited (ℓ = 1) states versus 
temperature in the isotropic medium at a finite temperature close to 𝑇௖ ≈ 220 𝑀𝑒𝑉. The experimental mass value of charmonium is 
3.096 𝑀𝑒𝑉, ℓ = 0, and 3.525 𝑀𝑒𝑉, ℓ = 1. 
 

Fig. 3. The imaginary 𝑈௜ part of potential interaction for the ground 
(ℓ = 0)  and the first excited (ℓ = 1) states versus temperature in the 
isotropic medium at a finite temperature close to 𝑇௖ ≈ 220 𝑀𝑒𝑉. 
Experimental mass value of charmonium is 3.096 𝑀𝑒𝑉, ℓ = 0 , and 3.525 𝑀𝑒𝑉, ℓ = 1. 
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5. Conclusion 
 

The purpose of this theoretical research has been to present 

an analytical calculation of the real and imaginary potential 

of interaction with the Debye screened parameter of a 

charmonium bound states in a thermal medium at finite 

temperature based on the relativistic behavior of interaction 

within the Sturmian representation for two intertwined spaces 

and the mathematical method of quantum field theory 

techniques.  The introduced potential estimates a certain real-

time propagator function 𝐺(𝑟,𝑡) = 𝐺(𝑟,𝑖𝜏) for current 𝐽(𝑟) =𝑅ା(𝑟)𝑅ି(𝑟), whose Fourier transform determines the bound 

state properties and behavior. We modified this potential in 

the 𝑑-dimensional with canonical variable 𝑟 = 𝑞ଶఘ, then 

extracted from the correlator interactions based on functional 

dependence on τ and the Feynman path integral method. The 

characteristics of the confined state, such as mass spectrum, 

energy eigenvalue, and the relativistic correction on the 

constituent mass of charm quark at a finite temperature 

depending on Deby mass were determined using the 

nonperturbative and perturbative Hamiltonian in the 

relativistic limit. Apart from the standard terms of potential, 

we extracted the relativistic correction 𝐻௥௘௟ = 𝑈௥௘௟(𝑟) ൤ቀ1 +
ℓ(ℓାଵ)௥మ௖మ ቁି଴.ହ − 1൨ to the total Hamiltonian. The mass spectra of 

charmonium for ground and excited states were determined 

using Eqs. (7) and (21). The free parameter µ was obtained 

by 

𝜇 = ቌ௠భమାଷቈ೘ವమమ ିరഏ೒మఙ቉୻(ସఘାଶఘℓ)୻(ଶାఘାଶఘℓ)ସି యమ(೒మഐ౳(మഐశమഐℓ))మవ(రഏ)మ౳(యഐశమഐℓ)౳(మశഐశమഐℓ) ቍ଴.ହ
  

and then the relativistic mass corrections 𝜇௥௘௟  revealed itself 

in Eqs. (25) and (26) by using 𝜇௥௘௟ = 2𝜇. The dependence of 

real and imaginary parts of energy eigenvalue on relativistic 

mass was obtained as 𝐸௥~𝜇, 𝐸௜~ ଵఓ. Therefore, using the fitted 

values for parameters, we found the eigenenergy and mass 

spectrum of charmonium bound state for the ground and first 

excited state. Calculating the imaginary part of energy and 

potential gives us an explanation of the phenomenological 

properties of a system; so for charmonium systems, we 

adopted the numerical values of the critical mass, which is 

defined by the relativistic mass of constituent particles in the 

bound state for the ground and first excited state 𝑀௖ =2.845 𝑀𝑒𝑉 and 𝑀௖ = 2.975 𝑀𝑒𝑉, respectively. It should be 

noted that the calculation of relativistic correction on the mass 

spectra of charmonium confined state in the thermal isotropic 

medium under finite temperature is in good agreement with 

experimental data. The values obtained are also in good 

agreement with the theoretical work of researchers. We 

defined the present results to compute the charmonium bound 

state mass for different principal quantum numbers and 

discussed the behavior of the real and imaginary terms of 

energy eigenvalue and the results obtained graphically. The 

exponential type potential, 𝑈(𝑟) = −௚మସగ ቂ𝑚஽ + ௘ష೘ವೝ௥ ቃ+2𝜎 ൤ ଵ௠ವ + ௘ష೘ವೝିଵ௥௠ವమ ൨ + 𝑖Ξ(𝑚஽𝑇)  has been successfully 

applied in predicting and approximating the mass spectra of 

charmonium confined states. The proposed analytical 

solutions were used to explain and describe other 

characteristics and thermal properties, such as the finite 

lifetime and the decay width in the hot medium under finite 

temperature. 
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Appendix A 
 Ξ(𝑚஽𝑇) is the imaginary part of the potential function that describes the damping of the in-isotropic medium charmonium 

bound state propagator at long distances with 𝜎 coupling constant [21] and at short distances with 𝛼 coupling constant [10]. 

The recognized Fourier transform pull-out constants were used to evaluate simple integral combined constants for 

the final result. Here is the solution of integrals in Eq. (9) (𝑎 = ௣ ௠ವ). 

Ξ(𝑚஽𝑟) = Ξ௦௛௢௥௧(𝑚஽𝑟) + Ξ௟௢௡௚(𝑚஽𝑇) = −௚మସగ 𝑇𝜃(𝑚஽𝑇) + ଶఙ்௠ವమ  𝜉(𝑚஽𝑇) =  

−௚మଶగ 𝑇 ׬ ௔ௗ௔(௔మାଵ)మ ቂ1 − ୱ୧୬(௔௠ವ௥)௔௠ವ௥ ቃஶ଴ + ସఙ்௠ವమ ׬ ௗ௔௔(௔మାଵ)మ ቂ1 − ୱ୧୬(௔௠ವ௥)௔௠ವ௥ ቃஶ଴ = 

− 𝑔ଶ2𝜋 𝑇නஶ
଴ 𝑎,𝑑𝑎(𝑎ଶ + 1)ଶ ℱ ൤ 1(𝑎ଶ + 1)ଶ൨ + 4𝜎𝑇𝑚஽ଶ නஶ

଴ 𝑑𝑎𝑎(𝑎ଶ + 1)ଶ ℱ ൤ 1𝑎(𝑎ଶ + 1)ଶ൨ = 

−௚మଶగ 𝑇 ቂ׬ஶ଴ ௔,ௗ௔(௔మାଵ)మ ቀగଶ 𝑒ି|௠ವ௥|ቁ = ቀగଶ 𝑒ି|௠ವ௥|ቁ ஶ଴׬ ௔,ௗ௔(௔మାଵ)మ = ቀగଶ 𝑒ି|௠ವ௥|ቁ ቀగସቁቃ + ସఙ்௠ವమ ቂ׬ஶ଴ ௗ௔௔(௔మାଵ)మ ቀగସ 𝑒ି|௠ವ௥|ቁ =
ቀగସ 𝑒ି|௠ವ௥|ቁ ஶ଴׬ ௗ௔௔(௔మାଵ)మ = ቀగସ 𝑒ି|௠ವ௥|ቁ ቀగସቁቃ =  

−௚మଶగ 𝑇 గమ଼ 𝑒ି|௠ವ௥| + ସఙ்௠ವమ గమଵ଺ 𝑒ି|௠ವ௥|                                                                                                 (A.1) 
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