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This study considers the radial behavior of a coated microbubble after a shell rupture using 
the Marmottant model. The surface tension of the encapsulated microbubble should equal 
the free bubble in the rupture state of the Marmottant model. Despite the assumption that 
the bubble is considered free in the third state, dilatational interfacial viscosity is constant 
in the equation in this model. This paper assumes that dilatational interfacial viscosity 
decreases gradually after shell rupture until it becomes zero. The decrease of dilatational 
interfacial viscosity caused by the shell rupture significantly affects radial behavior and 
the nonlinear response of the encapsulated microbubble, such as subharmonic response. 
Because the subharmonic response is extensively used in ultrasound imaging, the effect 
of a decrease in dilatational interfacial viscosity on the subharmonic threshold needs to be 
investigated. In figures showing the radius versus time and the frequency response of the 
coated microbubble, it is observed that at high excitation pressure, the proposed model is 
more nonlinear than the Marmottant model, resulting in a lower subharmonic threshold.
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1. Introduction 

Encapsulated microbubbles are used extensively 
in ultrasound imaging and therapy. The role of these 
microbubbles is to scatter and reflect transmitted 
Ultrasound from the targeted spot due to the difference 
in acoustic impedance. Unlike tissue, blood is a poor 
reflector of Ultrasound. Micron-sized microbubble 
contrast agents injected intravenously into the blood 
flow are used to improve these properties. Microbubble 
contrast agents (1 to 10 μm) are stabilized with a shell 
(e.g., lipid or albumin). These microbubbles are used 
in ultrasound imaging of different body organs and the 
cardiovascular system. Adding a shell to the microbubble 
prevents fast dissolution and increases its stability. The 
shell changes surface tension and subsequently affects 
the microbubble’s radius behavior and frequency 
response. Therefore, a precise understanding of the 
dynamic behavior of the coated microbubble is a critical 
topic considered by many researchers in the last years.

The Rayleigh-Plesset (RP) equation describes the 
radial behavior of a free bubble in an infinite fluid in 
which the pressure changes frequently, but this equation 
changes by adding a shell. Researchers have carried out 
many different studies on the RP equation over the past 
two decades. De Jong et al. investigated the influence of 
the bubble shell on the radial behavior of a bubble and 
defined two parameters, shell elastic (Sp) and viscous 
shell friction (Sf) [1]. Church created a theoretical 
model for the radial behavior of an encapsulated 
microbubble by considering a nanometer-thick shell and 
an incompressible rubbery material as the microbubble 
[2]. In this study, a coated microbubble was assumed in 
a Newtonian fluid, and results showed that the resonant 
frequency of the coated microbubble rose after adding 
a shell, increasing the rigidity of the microbubble [3,4]. 
Hoff et al. proposed a new model for the radial behavior 
of an encapsulated microbubble with a thin shell [5]. 
This work analyzed oscillations of the microbubble 
to predict acoustic scattering and attenuation from the 
microbubble. Chatterjee et al. proposed the simplest 
interfacial rheological model (Newtonian model) for 
the shell of the encapsulated microbubble [6]. Shankar 
et al. showed that reducing the actual damping reduces 
the threshold pressure for subharmonic initiation [7]. 
Finally, Sarkar et al. developed a viscoelastic interface 
model for a thin-shelled encapsulated microbubble and 
investigated the scattered responses of a solution of the 

encapsulated microbubble (Sonazoid) [8]. 
Marmottant et al. proposed a model that simulates an 

encapsulated microbubble’s nonlinear behavior at high 
excitation pressure [9]. This model predicts the buckling 
and rupture of a coated bubble, considering the bubble’s 
surface tension at three different states. Emmer et al. 
investigated the onset of an encapsulated microbubble 
oscillation [10]. They concluded that the behavior of 
the microbubble is nonlinear, and the oscillation is 
asymmetric at high excitation pressure, which means the 
compression of the bubble is different from its expansion. 
De Jong et al. studied the highly nonlinear behavior of an 
encapsulated microbubble using the Marmottant model 
[11]. Results showed that the compression-only behavior 
appears at high excitation pressure, which means the 
compression phase of a coated microbubble is greater 
than the expansion phase. Tu et al. analyzed the radial 
behavior of an encapsulated microbubble  [12] (SonoVue 
employing three types of modified RP equations and 
estimated the shell elasticity and viscosity of SonoVue 
microbubbles for different radiuses.  Their results showed 
that the linear oscillation was similar in all the models. 
Dinokov et al. fitted an equation for these data [13]. 

Paul et al. proposed a new model for the nonlinear 
behavior of a bubble to predict the fundamental and 
subharmonic responses of an encapsulated microbubble 
(Sonazoid). Moreover, they studied the frequency 
response of the microbubble contrast agents [14,15]. 
Overvelde et al. studied the dynamic behavior of 
an encapsulated microbubble experimentally and 
numerically [16]. They investigated the effect of 
excitation pressure on the resonance frequency of an 
encapsulated microbubble. They also studied the effect 
of excitation frequency on thresholding behavior. 
Helfield et al. conducted an experimental observation of 
the influences of fluid viscosity on the radial behavior of 
an encapsulated microbubble, and they perceived that 
an increase in the liquid viscosity restricts the amplitude 
of the oscillations [17]. Furthermore, the subharmonic 
response from encapsulated microbubbles depends on 
the ambient pressure variation, and this dependence 
has been used in noninvasive local organ-level pressure 
estimation.

One of the most important reasons to study the 
radial behavior of the encapsulated microbubble is to 
investigate the frequency response of the microbubble 
in the ultrasound field. These microbubbles generate 
subharmonic frequency components under certain 
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excitations conditions used for subharmonic imaging. 
Forsberg et al. investigated the subharmonic response 
of the contrast agents Optison and Levovist [18,19]. 
They observed that the subharmonic response depends 
significantly on excitation and hydrostatic pressure 
amplitudes. Shankar et al. examined the advantages 
of the subharmonic response of microbubble contrast 
agents [20]. To better understand ultrasound constant 
agents (UCA’s) behavior, Adam et al. studied the effects 
of ambient pressure on the acoustic scattering of Optison 
in three different modes [21]. Andersen and Jensen 
presented an approach for investigating the ambient 
pressure sensitivity of a contrast agent using diagnostic 
ultrasound [22]. They experimentally examined the 
subharmonic response from a microbubble contrast 
agent as a function of ambient overpressure. Sarkar et 
al. investigated the effects of pressure and frequency 
on the subharmonic response and found they reach a 
critical frequency ratio with maximum subharmonic 
response [23]. Forsberg et al. achieved an excellent 
correlation between the amplitude of the subharmonic 
component and the hydrostatic pressure at the growth 
stage of subharmonic production [24]. Other similar 
studies have been carried out [25-27].

Since the encapsulated microbubbles are destroyed 
above a critical excitation level, further studies are 
required to determine the subharmonic threshold for 
encapsulated microbubbles. Therefore, specifying the 
excitation threshold of the subharmonic frequency is 
crucial for nondestructive subharmonic applications. 
Chatterjee et al. examined the destruction of the 
encapsulated microbubbles (Definity) under acoustic 
excitation [27]. Katiyar et al. performed a numerical 
study of several models for encapsulated microbubbles 
to determine the excitation threshold for the 
subharmonic generation [28,29]. Different studies have 
been conducted for this purpose [30,31].

The viscosity parameter is considered constant in shell 
models. Moreover, its effect is not considered after the 
rupture of the shell. Most models deal with the surface 
tension effect for modeling, but viscosity also affects 
the resonance frequency and subharmonic threshold. In 
this paper, the effects of shell rupture on the nonlinear 
behavior of the microbubble contrast agent Sonazoid 
are investigated. In Sec. II, a modified PR equation is 
defined to decrease the dilatational interfacial viscosity 
after rupturing the shell in the Marmottant model. Also, 
the Exponential elasticity model, Marmottant model, 

and Modified Marmottant model are discussed in further 
detail. Lastly, the numerical studies are validated. In Sec. 
III, the radial behavior of an encapsulated microbubble 
(Sonazoid) is briefly studiedusing the Marmottant 
and modified Marmottant models. Then, a numerical 
investigation of these models is executed to determine 
the excitation threshold for a subharmonic generation 
as a function of frequency. Finally, we show how a 
decrease inthe dilatational interfacial viscosity leads to 
different variations of the subharmonic threshold with 
normalized excitation frequency. Section 4 presents the 
study’s conclusion.

2. Encapsulated bubble dynamics

If a liquid containing a microbubble is exposed to 
an ultrasound field in which ambient pressure changes 
frequently and the amplitude of excitation pressure is 
significant enough, the microbubble starts to oscillate. 
In the simplest case, the microbubble is spherical 
during pressure fluctuations. Microbubble oscillations 
cause radial changes that mathematical equations 
can simulate. Most models defined for encapsulated 
microbubbles are based on a modified RP equation. 
Added terms represent the contributions caused by 
viscoelastic stresses produced in the encapsulation. In 
these models, viscoelastic terms can be added  as γ(R) 
and κS(R), the efficient surface tension and efficient 
dilatational viscosity, respectively, as shown in Eq. (1).

						            (1)

where P0 is the hydrostatic pressure, c is the speed of 
sound, and pA(t) is the excitation pressure (considered 
sinusoidal in our investigations). Also, initial conditions 
are (t = 0) = R0, and Ṙ(t = 0) = 0.

2.1. Exponential elasticity model (EEM) [15]

This model expresses the progressive decrease of 
elasticity using an exponential decline, which is defined 
by Eq. (2).

ES = E0
S β exp(-αSβ)				          (2)

In this equation, αS and E0
S are specified (Table 1), 
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β = (R2-RE
2) / RE

2 is the variation of area fraction, and  
RE is the equilibrium radius with zero elastic stress. 
The efficient surface tension and efficient dilatational 
viscosity are defined as Eq. (3).

γ(R) = γ0 + ES β   ,   κS(R) = κS (constant)		         (3)

where γ0 is the constant tension in the un-deformed state.
Characterization parameters (γ0, κS, E0

S, …) were 
determined by Paul et al. using attenuation [15]. They 
then used the attenuation measurements through a 
Sonazoid solution to find the characteristic parameters 
relating to this model [8]. To determine the characteristic 
parameters related to each model, they used an error 
function between the measured and model attenuation. 
Therefore, the parameters were obtained using the 
minimized error function in MATLAB. Table 1 shows 
the property values for the Sonazoid microbubble  used 
in this study.

2.2. Marmottant model [9]

At high excitation pressure, Marmottant et al. 
provided a model that considers three different states for 
the surface tension [9]: the buckling state in which the 
surface tension of a coated bubble is supposed to be zero 
(R ≤ Rbuckling), the elastic state (γ(R) = χ (A⁄Abuckling -1)), and 
the rupture state where the bubble is considered to be 
free (without shell); in this state, the radius of the bubble 
is larger than Rrupture (Rrupture = Rbuckling (1+σwater /χ)1/2). The 
efficient surface tension and dilatational interfacial 
viscosity are considered as Eq. (4).

						    
						             (4)

In this equation, it is supposed that Rbuckling = R0, hence 
the bubble surface tension is zero in the initial state 
(σ(R0) = 0), and the pressure is in equilibrium on the 
bubble surface. The modified RP equation for this 
model is defined as Eq. (5).

						            (5)

2.3. Modified Marmottant model

Among the proposed models for the nonlinear 
behavior of an encapsulated microbubble, the 
Marmottant model has the advantage of being closer to 
experimental results at high excitation pressures than 
earlier models. This conformity is due to considering the 
surface tension in three different states, which change 
with the radius mentioned above. In the Marmottan and 
other similar models, such as the EEM model [15], the 
viscosity of the shell (κS) is constant unlike, the surface 
tension that changes with the radius. In the third state 
(after rupturing of the shell) in the Marmottant model, 
the surface tension of the coated bubble relaxes equal 
to the free bubble (σw), but the dilatational viscosity is 
constant. Whereas the bubble is considered free, the 
dilatational viscosity of the ruptured bubble should not 
be equal to the previous state (κS = constant).   

In this paper, the Marmottant model is modified, 
thereby changing the radius; the subsequent subharmonic 
response from the encapsulated microbubbles is then 
studied. Unlike the Marmottant model, the dilatational 
viscosity is not constant after the shell is ruptured but 
instead decreases gradually. With an increasing area 
fraction, the gradual decrease of viscosity would be 
better modeled by an exponential decline. Hence, an 
equation is defined as a viscosity change after the shell 
is ruptured and imposed on the Marmottant model. In 
the EEM model, the elasticity of the shell decreases 
exponentially as the bubble’s surface increases. In this 
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Table 1. Property values of encapsulated Sonazoid in the Marmottant and exponential models [15].

Exponential modelMarmottant model

αE0
S (N.m-1)κS (×10-8 kg.s-1)Rbuckling

χ (N.m-1)κS (×10-8 kg.s-1)

1.5 (±0.05)0.55 (±0.1)1.2 (±0.4)R00.53 (±0.1)1.2 (±0.4)

 𝛾𝛾�𝑅𝑅� � 

0 

�� 𝑅𝑅�
𝑅𝑅��������� � 1� 

𝜎𝜎� 
𝑎𝑎𝑎𝑎𝑎𝑎 𝜅𝜅��𝑅𝑅� � 𝜅𝜅���𝑜𝑜𝑎𝑎�𝑟𝑟𝑎𝑎𝑎𝑎𝑟𝑟� 

𝑓𝑓𝑜𝑜𝑜𝑜  𝑅𝑅 � 𝑅𝑅�������� 

𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓𝑜𝑜𝑜𝑜 𝑅𝑅 � 𝑅𝑅�������  

𝑓𝑓𝑜𝑜𝑜𝑜  𝑅𝑅�������� � 𝑅𝑅 � 𝑅𝑅�������  

𝜌𝜌 �𝑅𝑅𝑅𝑅� � 3
2𝑅𝑅�

�� � ��� � 2𝛾𝛾�𝑅𝑅��
𝑅𝑅� � �𝑅𝑅�𝑅𝑅 �

��
�1� 3𝛾𝛾𝑅𝑅�

𝑐𝑐 � 

� � �� � � �� � ���𝑡𝑡�, 2𝛾𝛾�𝑅𝑅� 4R 𝜅𝜅� � 4𝜇𝜇 𝑅𝑅�



M. Mahdi et al. / Journal of Particle Science and Technology 7 (2021) 41-50 45

model. Hence, a sinusoidal excitation pressure with 
a constant pressure amplitude was imposed on the 
microbubble contrast agent (Sonazoid). We used 
μ = 0.001 kg.ms-1, ρ = 1000 kg.m-3, and c = 1485 m.s-1. 
Additionally, the modified Marmottant model proposed 
in this study was compared with the Marmottant model 
in section 3.

3. Results and discussion

In this study, the radial behavior and frequency 
response of ultrasound contrast agents (Sonazoid, see 
Table 1) are investigated at high excitation pressure. 
Here, a sinusoidal excitation pressure consisting of 
64 cycles and constant pressure amplitude is imposed 
on a microbubble contrast agent. We use ρ = 1000 
kg.m-3, μ = 0.001 kg.ms-1, and c = 1485 m.s-1. First, 
the Marmottant and proposed modified Marmottant 
model were used to study the radial behavior of the 
encapsulated microbubble. Then, the power spectrum 
was obtained using scatteredpressure Ps(t) on a bubble 
and by imposing the FFT routine in MATLAB. Finally, 
the subharmonic threshold for the microbubble was 
investigated for the two models.

3.1. The effect of a decrease in the dilatational interfacial 
viscosity on the radial behavior of an encapsulated 
microbubble

This section investigates the radial behavior of a coated 
microbubble using the defined equation defined in 
previous sections to decrease the dilatational interfacial 

study, a similar viscosity change equation is defined for 
the decreasing dilatational interfacial viscosity (Eq. (6)).

κS = κS β exp(-αSβ)				          (6)

According to the results obtained by Paul et al.  
(Table 1), the value of the shell compressibility χ and 
the surface dilatational viscosity κS for the Marmottant 
model are the same as the dilatational surface elasticity 
E0

S and viscosity κS for the exponential elasticity model 
(EEM) [15]. Since the predicted characterization of the 
encapsulation is the same for two models (Marmottant 
and EEM), in this study (in the modified Marmottant 
model), it is assumed that the amount of κS, β, RE, αS  are 
equal to the values of the EEM model [15] (Table 1). 
The dilatational interfacial viscosity changes (κS) with 
the fractional change in the area (β) are shown in Fig. 1.

Fig. 1 shows the area’s dilatational interfacial viscosity 
changes versus fractional change. According to Fig. 1, 
the initial dilatational interfacial viscosity is a defined 
number (κS = 1.2×10-8  kg.s-1). In the Marmottant model, 
this parameter is constant during radial oscillations 
(even after the rupture of the shell); however, it changes 
gradually in this study. Here, the dilatational interfacial 
viscosity decreases when the bubble’s radius becomes 
more than the rupture radius. Eventually, the dilatational 
interfacial viscosity reaches zero when the shell of the 
bubble is completely ruptured.

2.4. Validation of numerical model

Our numerical studies were validated with Paul et al.’s 
observations to ensure the accuracy of the results [15]. 
The radial behavior of the encapsulated microbubble 
(Fig. 2) was simulated using Eq. (5) and the Marmottant 

Fig. 1. Amount of dilatational interfacial viscosity versus fractional 
change in the area.

Fig. 2. Validation of numerical investigation using the Marmottant 
model and Paul et al. [15] observations for radial behavior of an 
encapsulated microbubble (pa = 1.5 MPa, f = 3 MHz). The shell 
parameters of an encapsulated microbubble are (χ = 0.53 N.m-1,       
κS = 1.2×10-8  kg.s-1).
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viscosity. Figs. 3 to 5 show the radius changes of the 
microbubble (Sonazoid) versus time in the Marmottant 
and modified Marmottant models. The excitation 
frequency was constant at 3 MHz, and the excitation 
pressure was increased. It is evident that the deviation 
of the two models increases as the excitation pressure 
increases. This deviation refers to the reduction in 

shell viscosity after the shell ruptures in the modified 
Marmotant model, increasing the oscillation amplitude. 
Fig. 6 shows the changes in the microbubble radius 
versus time in the Marmotant, Modified Marmotant, 
Constant Elasticity, and Newtonian models. The 
excitation frequency is 3MHz, and the excitation 
pressure is 1 MPa.

We also investigated the radial behavior of the 
microbubble at other frequencies. It was observed 
that increasing the excitation frequency (from 3 MHz 
to 6 MHz) decreased the mechanical index (MI) and 
nonlinearity. Additionally, a lower mechanical index 
(linear oscillations) postpones the shell rupturing, 
thereby decreasing the deviation between the two 
models (Marmotatant and modified Marmottant model). 
Comparing numerical results showed that a decrease in 
the dilatational interfacial viscosity plays a critical role 
in the radial behavior of encapsulated microbubbles, 
specifically at high excitation pressure or a high 
mechanical index (MI). It was observed that the deviation 
of the two models at the same excitation pressure at 3 MHz 
was more than 6 MHz; however, the two models were 
the same at lower excitation pressures at this frequency 
(6 MHz). Finally, it can be stated that by adding an 
equation in the Marmottant model for the decrease of the 
dilatational interfacial viscosity, this model predicts more 
nonlinear behavior for the encapsulated microbubble.

3.2. The effect of a decrease in the dilatational interfacial 
viscosity on the subharmonic threshold 

The Eq. (5) for the radial behavior of the encapsulated 
microbubble is solved using a stiff solver (ODE15s) in 

Fig. 3. Radial behavior of encapsulated microbubble (Sonazoid) 
is predicted in the Marmottant and modified Marmottant models       
(pa = 1 MPa, f = 3 MHz).

Fig. 4. Radial behavior of encapsulated microbubble (Sonazoid) 
is predicted in the Marmottant and modified Marmottant models       
(pa = 1.5 MPa, f = 3 MHz). 

Fig. 5. Radial behavior of encapsulated microbubble (Sonazoid) 
is predicted in the Marmottant and modified Marmottant models       
(pa = 2 MPa, f = 3 MHz).
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Fig. 6. The radial behavior of the enclosed microbubble (Sonazoid) 
predicted in the Marmottant model, modified Marmottant model, 
constant elasticity model, and Newtonian model (pa = 1 MPa, f = 3 
MHz).
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MATLAB with initial conditions R = R0 and Ṙ = 0. The 
scattered acoustic pressure Ps(t)  of an encapsulated 
microbubble is computed as Eq. (7). 

                                                                                                                                    (7)

First, the scattered pressure of the microbubble is 
calculated. Then because this scattered pressure is in the 
time domain, the Fast Fourier Transform (FFT) routine 
of MATLAB is applied to obtain the power spectrum 
in the frequency domain. The purpose of obtaining 
the frequency domain is to observe the frequency 
components, specifically the subharmonic component 
of the microbubbles. In this section, the variation 
of the subharmonic component with the excitation 
pressure is investigated to determine the subharmonic 
generation threshold. When the excitation pressure 
rises above a specific value, a distinct subharmonic 
peak emerges, and this pressure was chosen as the 
subharmonic threshold. As mentioned above, a rupture 
of the shell significantly affects the radial behavior 
and, consequently, the subharmonic response of the 
microbubble contrast agents. Figs. 7 and 8 show 
the spectrum of the scattered signals from Sonazoid 
microbubbles without size distribution and the same 
radius (R0 = 1.6 μm) as predicted by the Marmottant and 
modified Marmottant model. The excitation frequency 
is the same for the two models (f = 3 MHz), but the 
excitation pressure is different. It is evident that the 
subharmonic amplitude is roughly the same in the two 
models, but the excitation pressure in the modified 
Marmottant model is lower than in the Marmottant 
model. This lower subharmonic threshold refers to a 
decrease in the dilatational interfacial viscosity in the 
proposed model in this study. In other words, a decrease 

in shell viscosity affects subharmonic amplitude in the 
same excitation conditions.

The scattering of Ultrasound from Sonazoid 
microbubbles (with a constant radius R0 = 1.6 μm 
andignoring size distribution) was studied numerically. 
Since the number of microbubbles with R0 = 1.6 μm 
are dominant in a Sonazoid microbubble solution, 
we investigated the subharmonic response of contrast 
microbubbles in this radius. Figs. 9 to 11 show the 
subharmonic response versus excitation pressure. 
Sarkar et al.’s study state that the subharmonic 
response consists of three different regimes: initial 
phase, rapid growth, and saturation phase [23]. 
Initially, the subharmonic component is minor in the 
two models, but in the modified Marmottant model, 
this response appears earlier (at a lower subharmonic 
threshold amplitude) than in the Marmottant model. 
This lower threshold amplitude refers to a decrease 
in the dilatational interfacial viscosity imposed on the 
Marmottant model. In other words, after rupturing of the 
shell, a decrease of the dilatational interfacial viscosity 
in the modified Marmottant model increases the 
nonlinearity and, consequently, affects the subharmonic 
response of the microbubbles. The subharmonic 
amplitude increases quickly in the growth phase, and 
the quantitative subharmonic amplitude in the modified 
model is more significant than in the Marmottant 
model. As the excitation pressure amplitude increases, 
the subharmonic component reaches a saturated state, 
and the two models are almost the same. Moreover, 
the growth phase is postponed at higher frequencies 
because of a decrease in nonlinearity (low MI).

As mentioned above, the decrease of the dilatational 
interfacial viscosity at high nonlinear oscillation is 
significant. Given that the subharmonic response 
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Fig. 7. The spectrum of the scattered signals from Sonazoid 
microbubbles without size distribution and the same radius (R0 = 1.6 
μm) predicted by the Marmottant model at (f = 3 MHz, P = 1.5 MPa).

Fig. 8. The spectrum of the scattered signals from Sonazoid 
microbubbles without size distribution and the same radius (R0 = 1.6 
μm) predicted by the Marmottant model at (f = 3 MHz, P = 1.15 MPa).
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appears during the nonlinear oscillation of a bubble, a 
decrease in the dilatational interfacial viscosity would 
affect the subharmonic response of the microbubble. 
So, the effects of decreased dilatational interfacial 
viscosity on the excitation threshold for subharmonic 
generation from encapsulated microbubble (Sonazoid) 
were investigated. Figs. 12 and 13 show the variation of 

the subharmonic threshold of a Sonazoid microbubble 
in the Marmottant and modified Marmottant models 
at two different radiuses. It is observed that a decrease 
in the dilatational interfacial viscosity decreases the 
subharmonic threshold, especially for microbubbles 
with small radii. As noted above, the decrease of 
the dilatational interfacial viscosity is significant as 
nonlinearity increases. Microbubbles have higher 
nonlinear behavior than large microbubbles due to the 
high density of their internal gas, and as a result, the 
deviation of the two models for small radii bubbles is 
greater than for large radii bubbles. Also, by increasing 
the excitation frequency, the mechanical index (MI) and 
nonlinearity are reduced, which reduces the deviation of 
the two models because the probability of shell rupture 
(reduction of shell viscosity) is low. In other words, 
reducing the shell viscosity in the event of a severe 
rupture reduces the threshold values, especially at low 
frequencies. Figs. 12 and 13 show that the deviation 
between the two models at low frequencies is greater 
than at high frequencies. In these figures, the excitation 

Fig. 9. Scattered subharmonic response of Sonazoid microbubbles 
without size distribution and the same radius (R0 = 1.6 μm) versus 
transmitted excitation pressure at (f = 3 MHz).

Fig. 10. Scattered subharmonic response of Sonazoid microbubbles 
without size distribution and the same radius (R0 = 1.6 μm) versus 
transmitted excitation pressure at (f = 4.4 MHz).

Fig. 11. Scattered subharmonic response of Sonazoid microbubbles 
without size distribution and the same radius (R0 = 1.6 μm) versus 
transmitted excitation pressure at (f = 6 MHz).
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Fig. 12. Variation of the subharmonic threshold of a Sonazoid 
microbubble with excitation frequency (R0 = 1.6 μm) for the 
Marmottant and modified Marmottant models. 

Fig. 13. Variation of the subharmonic threshold of a Sonazoid 
microbubble with excitation frequency (R0 = 2 μm) for the 
Marmottant and modified Marmottant models. 
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frequency is normalized by the resonance frequency of 
the microbubble. Using Shankar et al. and Figs. 12 and 
13, it can be concluded that the damping in this model 
is reduced [7].

4. Conclusions 

In this paper, we investigated the decrease of 
dilatational interfacial viscosity in an encapsulated 
microbubble at high excitation pressure. We modified 
the Marmottant model with an equation for the decrease 
of the dilatational interfacial viscosity imposed on the 
rupture state. The parameters of this equation are based 
on the parameters of the EEM model. First, the effect of 
the decrease of the dilatational interfacial viscosity on 
the radial behavior of an encapsulated microbubble was 
investigated by comparing the Marmottant and modified 
Marmottant models. Results show that at high excitation 
pressure, where the behavior of the microbubble is 
nonlinear and the shell ruptures, a decrease in the 
dilatational interfacial viscosity increases the amplitude 
of oscillations. However, at low excitation pressure 
(low level of MI), we found the Marmottant and 
modified Marmottant models are the same. Therefore, 
the effect of the decrease of the dilatational interfacial 
viscosity on the subharmonic threshold of encapsulated 
microbubbles was studied. The results show that the 
subharmonic threshold for the modified Marmottant 
model is lower than the Marmottant model in the same 
excitation conditions. Furthermore, the deviation of 
the two models with small radii bubbles is greater than 
larger bubbles because the tiny microbubbles have more 
nonlinear behavior than larger ones. Also, by increasing 
excitation frequency, the deviation of the two models 
decreases.
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